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Abstract
The classical Einstein–Standard Model system with conformally invariant cou-
pling of the Higgs field to gravity is investigated. We show that the energy-
momentum tensor is not polynomial in the Higgs field, and hence it may have
two singularities: In cosmological spacetimes the usual Big Bang type singularity
with diverging matter field variables, and a second, less violent one (‘Small Bang’),
in which it is only the geometry that is singular but the matter field variables remain
finite. In generic spacetimes, the latter provides a finite, universal upper bound for
the pointwise norm of the Higgs field in terms of Newton’s gravitational constant.
As a consequence of this structure of the energy-momentum tensor, we also show
that, in the presence of Friedman–Robertson–Walker or Kantowski–Sachs symme-
tries, the energy density can have finite local minimum only if the transitivity hy-
persurfaces of the spacetime symmetries are locally hyperboloidal and their mean
curvature is less than a finite critical value. In particular, in the very early era
of an expanding universe or in a nearly spherically symmetric black hole near the
central singularity, the Higgs sector does not have any instantaneous (symmetric or
symmetry breaking) vacuum state, and hence its rest mass is not defined, and, via
the Brout–Englert–Higgs (BEH) mechanism, the gauge and spinor fields do not get
non-zero rest mass. For smaller mean curvature instantaneous symmetry breaking
vacuum states of the Higgs sector emerge, yielding non-zero rest mass and electric
charge for some of the gauge and spinor fields via the BEH mechanism. These
rest masses are decreasing with decreasing mean curvature, but the charge remains
constant. It is also shown that globally defined instantaneous vacuum states that
are invariant with respect to the spacetime symmetries do not exist at all in the
k = 1, 0 cosmological models and in Kantowski–Sachs spacetimes (e.g. inside spher-
ically symmetric black holes).
1 Introduction
In classical (and quantum) mechanics the rest masses are a priori given and, as an
attribute, associated with the point particles; which masses can be determined from the
small oscillations of the particles around their stable equilibrium states in some potential
field. These stable equilibrium states are defined to be those configurations that are
1
constant solutions of the equations of motion and local minima of the potential energy.
In field theory the definition of the rest mass of the fields is based just on this idea: To
keep the special relativistic energy-momentum-rest mass relation to be valid pointwise,
the rest mass of the fields should be defined to be the second derivative of the potential
energy with respect to the field variables at its stable critical point(s).
At the end of the 19th century Mach raised the question why do the inertial frames
of reference play so distinguished role in mechanics, and what is the origin of inertia
of bodies. His (quite speculative) answer was that these frames are associated with
the large scale distribution of the matter in the Universe: These are those frames from
which its average mass distribution appears to be in uniform motion. Later, as is well
known, this idea lead Einstein to formulate general relativity. Thus, according to Mach,
the distinguished role of inertial frames, and also the root of inertia of bodies, have
gravitational, or perhaps cosmological, origin.
As is well known, the spacetime metric gab splits in a natural way into the conformal
class of the metric (represented by some Lorentzian metric g˜ab conformal to gab) and a
conformal factor. The significance of this decomposition in field theory is that all the field
equations for the zero rest mass fields with any spin are conformally invariant. In par-
ticular the Weyl neutrino fields, the massless scalar fields with the conformally invariant
coupling to the scalar curvature of the spacetime (even with fourth order self-interaction)
and the Yang–Mills fields are conformally invariant; and it is only the non-zero rest mass
parameter of the Higgs field that violates this invariance. Also, the field equations for the
intrinsic degrees of freedom of the gravitational ‘field’ in general relativity in vacuum (i.e.
the vacuum Bianchi identities) are also conformally invariant; and it is only the manner
in which gravitation is coupled to the matter source that violates this invariance. These
facts motivate the idea that at the fundamental level elementary particles have zero rest
mass, and their observed mass is a consequence of their interactions (see e.g. [1, 2]).
In fact, according to the electro-weak sector of the Standard Model of particle physics
the mass of the leptons and of the vector bosons W± and Z is due to their interaction
with the Higgs field. They get rest mass via the Brout–Englert–Higgs (or, shortly, BEH)
mechanism [3, 4], and also the electric charge is recovered as a mixture of the two coupling
constants of the electroweak sector of the Standard Model if the Higgs field has symmetry
breaking vacuum states. To have such states the Higgs field should have an a priori non-
zero rest mass parameter and self-interaction, and this rest mass parameter is the only
dimensional parameter of the model [5, 6]. (For the sake of completeness, it should be
noted that in the QCD sector of the Standard Model there is another source of the rest
mass, the chiral symmetry breaking, yielding most of the masses of the quarks, without
any breaking of the gauge symmetry. In the present paper, however, we concentrate only
on the origin of masses via the BEH-type mechanism.) However, it should be stressed
that the BEH mechanism in its standard form is a purely kinematical phenomenon (in
the sense that in the derivation of this mechanism no evolution equation should be used).
It is not a dynamical process in which the massive leptons and vector bosons get their
rest mass. The mere existence of symmetry breaking vacuum states of the Higgs field
in itself is already enough to yield rest masses. Thus, according to the Standard Model
as it is in its present form, the a priori massless particles that get rest mass in the BEH
mechanism are never realized in Nature. They are only some form of ‘Ideas’ of the
completely symmetric ‘Platonic world’. The rest masses are still inherent attributions of
the particles rather than properties depending on the state of them (and/or, perhaps, the
rest of the Universe).
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This state of affairs motivates the question whether or not the rest masses are really
given once and for all, or rather the present day Standard Model is only an extremely good
approximation of a ‘phase’ of a more general model in which there could exist another
phase with no symmetry breaking vacuum states, or with no vacuum states at all. In
the latter case the rest masses would emerge during such a ‘phase transition’. In fact, in
the conformal cyclic cosmological (or CCC) model of Penrose [7] all the particles on the
crossover hypersurface must be massless. They should get rest mass after the Big Bang
in our aeon, and lose their rest mass before the crossover in the previous aeon in some
mechanism. Thus, in particle physics compatible with the CCC model, the rest masses
should be expected to appear/disappear in some dynamical process. But what kind of
mechanism could yield such a phase transition? We believe that the ultimate explanation
of the origin of the rest masses in Nature can not be formulated without incorporating
gravity (and, perhaps, without incorporating the history of the Universe), just according
to the ideas of Mach.
In the present paper we consider the classical field theory of the coupled Einstein–
Standard Model system, in which the Higgs field is coupled to gravity in a conformally
invariant way (‘Einstein–conformally coupled Standard Model’, or, shortly, EccSM sys-
tem). (The idea of coupling the fields of the Standard Model to gravity is not new. Its
literature is enormously large, but most of the recent such investigations are motivated
by cosmological problems. For the references to classical results see e.g. [8, 9].) The
conformal invariance is the mathematical realization of the idea that the fundamental
particles of the model are basically massless. No new field or parameter is introduced
into the model. Our primary aim is to clarify whether or not the rest mass of elementary
particles via the BEH mechanism could have a non-trivial ‘genesis’, i.e. whether or not
there could be a (very early) period in the history of the Universe in which the funda-
mental fields were massless, or perhaps their rest mass could not be defined at all, and
they got rest mass (in some ‘phase transition’) later. Also, we would like to see if in some
‘reverse BEH mechanism’ these rest masses can ‘evanesce’, e.g. in black holes. Thus, the
present investigations can be considered as an extension of the classical field theoretical
investigations in the classic paper by Higgs [3] to the case when gravitation is taken into
account: We would like to see how the rest masses can be assigned to the matter fields,
in particular how the BEH mechanism works in the EccSM system.
We show that while the structure of the field equations does not change, the confor-
mally invariant coupling yields an energy-momentum tensor which is polynomial only in
the metric and the gauge and spinor fields, but not in the Higgs field. Consequently,
this (and hence, via Einstein’s equation, the spacetime geometry) may have a singularity
in which all the matter field variables are finite. In particular, in generic spacetimes we
obtain a finite, universal upper bound for the pointwise norm of the Higgs field in terms of
Newton’s gravitational constant. This provides a natural, non-perturbative cut-off in the
field theoretic calculations. In fact, in a separate paper [10] we show that, in the presence
of Friedman–Robertson–Walker (FRW) symmetries, the field equations of the confor-
mally coupled Einstein–Higgs (EccH) system do have solutions with scalar polynomial
curvature singularity (Small Bang) when the Higgs field takes this finite value.
We discuss the question of vacuum states of gravitating systems, and we find that the
usual notion of vacuum states cannot be applied directly in such systems: The minimal
energy density states of the matter fields in spacetimes with maximal number of isometries
are not solutions of the field equations. Hence, we are forced to generalize the notion of
‘spacetime vacuum states’ to ‘instantaneous vacuum states’, labeled by spacelike hyper-
3
surfaces, as certain critical configurations of the (total or quasi-local) energy-momentum
functional. In particular, in the presence of FRW symmetries the energy density of the
matter (in fact, the Higgs) field has a non-trivial dependence on the mean curvature of
the t = const hypersurface, and hence has a time dependence. It turns out that there
is a large, but finite critical value of the mean curvature such that, with the known pa-
rameters of the Standard Model of particle physics, the energy density has stable (gauge
symmetry breaking) minima, in particular has the ‘wine bottle’ (rather than the familiar
‘Mexican hat’) shape, precisely on hypersurfaces whose mean curvature is smaller than
the critical value above. (The Hubble time corresponding to this critical value is about
ten Planck times.) The system does not have any symmetric vacuum state. We have an
analogous result in Kantowski–Sachs spacetimes, e.g. inside a spherically symmetric black
hole. It is also shown that field configurations that are globally defined on the t = const
hypersurfaces, admit the spacetime symmetries, solve the constraints and minimize the
energy functional (i.e. globally defined instantaneous vacuum states) exist neither in the
k = 1, 0 FRW nor in Kantowski–Sachs spacetimes. If the vacuum states are not required
to admit the same symmetries that the spacetime does, i.e. if they are allowed to be
SO(1, 3)-symmetric even in the k = 1, 0 FRW or Kantowski–Sachs spacetimes, then the
gauge symmetry breaking instantaneous vacuum states in these spacetimes can be defined
at least on open subsets of the t = const hypersurfaces, i.e. they can exist quasi-locally.
Finally, we calculate the rest mass of the gauge, spinor and Higgs fields in the EccSM
system. We find that on constant mean curvature hypersurfaces with mean curvature
higher than the critical value in a nearly FRW or Kantowski–Sachs spacetime the rest
mass of the Higgs field is not defined, and the BEH mechanism does not work. The instant
of the genesis/evanescence of the rest masses is the hypersurface with the critical mean
curvature. For smaller mean curvature we obtain time dependent rest masses (though
this time dependence is significant only in the very close vicinity of genesis/evanescence).
On hypersurfaces in FRW spacetimes with the Hubble time equals to the characteristic
time scale defined by the Higgs rest mass parameter µ, i.e. to 5.5 × 10−27sec, the rest
mass of the electrons, the Z and W± gauge bosons and the Higgs boson is still roughly
twice of their present rest mass, though the time dependence of the rest mass of the Higgs
and the other fields is slightly different. Since electrodynamics is a result of the breaking
of the U(2) symmetry in the Weinberg–Salam model, the hypersurface with the critical
mean curvature is the instant of the genesis/evanescence of the electromagnetism and
the electric charge, too. Therefore, in the presence of extreme gravitational situations
(e.g. in a vicinity of the initial singularity of the Universe or in spacetimes described e.g.
by a general Kantowski–Sachs metric), certain concepts of field theory become ill-defined
and particle mechanical notions (actually the rest mass) cannot be implemented in field
theory. The fields do not have particle interpretation.
The paper is organized according to the logic of the results above: Section 2 is devoted
to the definition of the EccSM system, the discussion of the structure of the field equations
and the energy-momentum tensor. Here we discuss the problem of the vacuum states, too.
This section is more pedagogical than the remaining ones, making the particle physics
ideas more accessible for the wider readership, and, in particular, fixing the notations.
In Section 3, the critical points of the energy-momentum functional are determined, and,
in the presence of FRW and Kantowski–Sachs symmetries, a detailed discussion of the
qualitative properties of the energy density is given. The rest mass of the fields in the
matter sector is calculated in Section 4.
Our sign conventions are those of [8]. In particular, the signature of the spacetime
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metric is (+,−,−,−) and the curvature tensor of the linear connection ∇a is defined
by −RabcdXbV cW d := V c∇c(W d∇dXa)−W c∇c(V d∇dXa)− [V,W ]c∇cXa for any vector
fields Xa, V a and W a. Hence, Einstein’s equations take the form Rab− 12Rgab = −κTab−
Λgab with κ := 8πG (or 8πG/c4 in traditional units), where G is Newton’s gravitational
constant and Λ is the cosmological constant.
2 The Einstein–conformally coupled Standard Model
(EccSM) system
2.1 The basic fields
In the Standard Model of particle physics (even to its extension allowing non-zero rest-
mass for the neutrinos), there are three types of matter fields: A Yang–Mills gauge field, a
multiplet of scalar fields (the Higgs field) and a multiplet of Weyl spinor fields. However,
primarily here we are interested in the general structure of the model, in particular, in its
conformal properties and in a potential reformulation of the classical Einstein–Standard
Model systems. Thus, in what follows, by Standard Model we mean such a general
Yang–Mills–Higgs–Weyl system (whose Higgs sector will ultimately be coupled in the
conformally invariant way to gravity described by Einstein’s theory), which mimics all
the characteristic feature of the specific Standard Model of particle physics.
2.1.1 The gauge fields
Let P (M,G) be a principal fiber bundle over the spacetime manifold (M, gab) with the
connected Lie group G as its structure group, and let G denote the Lie algebra of G. If
{gα} = {g1, · · · , gk}, α = 1, · · · , k := dim G, is a basis in G, then the structure constants
are defined by [gα, gβ] =: c
γ
αβgγ, and we define the metric Gαβ to be proportional with the
Cartan-Killing metric: Gαβ := 1g2 c
µ
ανc
ν
βµ = G(αβ), where g is some positive constant (the
‘coupling constant’). Thus the Greek indices are referring to the basis {gα} in the Lie
algebra. Gαβ is known to be negative definite for compact, semisimple Lie algebras. If G
is the direct product of groups, then Gαβ is the direct sum of the corresponding metrics,
in which the coupling constants may be different.
Let a connection be given on P (M,G) in the form of a connection 1-form ω = ωαgα,
which is a G-valued, Ad(G)-invariant 1-form. Its pull back to open domains in M along
the local cross sections of P (M,G) is denoted by ωa = ωαa gα. Then, since the linear
connection∇e on the spacetime tensor bundles is torsion free, the corresponding curvature
2-form can be written1 in the form F αab = ∇aωαb − ∇bωαa + cαµνωµaωνb . In terms of these
objects the Bianchi identities take the form ∇[aF αbc] + cαµβωµ[aF βbc] = 0.
In the adjoint representation of G the representation space is its own Lie algebra G as a
k dimensional vector space, and the representation matrices of the Lie algebra in the basis
{gα} are well known to be just the structure constants, i.e. X = Xαgα ∈ G is represented
by the k × k matrix Xµcαµβ . Let A(M) denote the associated vector bundle based on the
adjoint representation of G. Then the connection 1-form on A(M) is ωαaβ := ω
µ
ac
α
µβ , and
1The particle physicists’ convention is slightly different. Their gauge potential is Aαe = g
−1ωαe , where
g is the coupling constant. Hence their field strength is not simply the curvature of Aαe , but contains the
coupling constant explicitly. It is ∇aAαb −∇bAαa +gcαµνAµaAνb , which is just g−1Fαab. This gauge potential
Aαe should not be confused with the spatial vector potential of sections 3 and 4.
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the covariant derivative of any cross section ϕα of A(M) is ∇/eϕα := ∇eϕα + ωµe cαµβϕβ .
Considering the structure constants to be the components of an (1,2) type tensor field,
by the Jacobi identity it is constant with respect to ∇/e, too. This implies that the
metric Gαβ is also annihilated by ∇/e, and the Bianchi identities in A(M) take the form
∇/[aF αbc] = 0. It is straightforward to rewrite the curvature 2-form of the connection ∇/e: It
is F αβcd = F
µ
cdc
α
µβ = ∇cωαdβ −∇dωαcβ + ωαcµωµdβ − ωαdµωµcβ.
2.1.2 The Higgs fields
Let H(M) be a (in general, complex) vector bundle, associated with P (M,G) via a finite
dimensional linear representation G → GL(N,C), and let T iαj, i, j = 1, ..., N , denote
the corresponding representation matrices of the Lie algebra G in the basis {gα}; i.e.
which satisfy the matrix commutation relation [Tα, Tβ ]ij = c
µ
αβT
i
µj. Thus the Lie algebra
G is represented by the gl(N,C) matrices given by λ = λαgα 7→ λij := λαT iαj. Then
the gauge group G is represented by the matrices of the form Λij := exp(λ)ij := δij +
λαT iαj+
1
2!
(λαT iαk)(λ
βT kβj)+· · · . We assume thatH(M) admits a positive definite invariant
Hermitian fiber metric Gij′ in the sense that Gij′ = Gkl′ΛkiΛ¯l
′
j′ holds for any Λij above.
Thus, over-bar denotes complex conjugation and the primed indices are referring to the
complex conjugate representation. A typical cross section of H(M) will be denoted by
Φi. Locally this can be thought of as a multiplet of scalar fields on M which, under the
action of the gauge group, transforms as Φi 7→ ΦjΛji, where Λji is defined by ΛjiΛki = δkj .
The connection on P (M,G) defines a covariant derivative operator on H(M) by
∇/eΦi := ∇eΦi + ωαe T iαjΦj. The invariance of Gij′ implies that Gik′T¯ k
′
αj′ + Gkj′T
k
αi = 0,
and hence that it is annihilated by ∇/e. The curvature 2-form on H(M), defined by
F ijcdΦ
jV cW d := V c∇/c(W d∇/dΦi)−W c∇/c(V d∇/dΦi)− [V,W ]c∇/cΦi, is just F ijcd = F αcdT iαj.
2.1.3 The Weyl spinor fields
Let G→ GL(R,C) be a linear representation of the gauge group, let T rαs, r, s = 1, · · · , R,
denote the representation matrices of the Lie algebra G, and the corresponding associated
vector bundle be denoted by B(M). Thus the elements of G are represented by the
matrices Λrs := exp(λ)rs := δrs + λ
αT rαs +
1
2!
(λαT rαp)(λ
βT pβs) + · · · , where λαgα ∈ G. Using
the complex conjugate representation, we can form the conjugate bundle B¯(M), in which
the indices will be primed, e.g. r′, s′, ... etc. We assume that the bundle B(M) admits
a non-degenerate invariant Hermitian fiber metric Grr′ , i.e. Grr′ = Gss′ΛsrΛ¯s
′
r′ .
Let us fix a spinor structure on M , and let SA(M) denote the bundle of Weyl spinors.
Then let us form the tensor product bundle F (M) := B(M) ⊗ SA(M). We call it the
fermion bundle. Its cross sections, ψrA, can be interpreted locally as multiplets of Weyl
spinor fields transforming under the action of the gauge group as ψrA 7→ ψsAΛsr, where
Λs
r is defined by ΛrpΛsp = δrs .
The connection on P (M,G) defines a connection on F (M) in a natural way: The
corresponding connection 1-form is ωαe T
r
αs, and hence the (spacetime and gauge) covariant
derivative is ∇/eψrA := ∇eψrA+ωαe T rαsψsA. The connection 1-form on the complex conjugate
bundle B¯(M) is ωαe T¯
r′
αs′; and Grr′T
r
αs +Gss′T¯
s′
αr′ = 0 holds.
2.2 The Lagrangians and the couplings
The Lagrangian of the gauge and Higgs fields, respectively, are chosen to be
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LYM := 1
4
GαβF
α
abF
β
cdg
acgbd, (2.1)
LH := 1
2
Gij′g
ab
(∇/aΦi)(∇/bΦ¯j′)− 12αRGij′ΦiΦ¯j
′ − 1
4
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′
. (2.2)
To ensure the positive definiteness of the ‘kinetic energy term’ both for the gauge and
the Higgs fields, the fiber metric Gαβ is assumed to be negative, while Gij′ to be positive
definite. α is some real constant, R is the curvature scalar of the spacetime, and Gijk′l′ is
a constant coefficient being symmetric in ij and in k′l′, e.g. λGi(k′Gl′)j for some constant
λ, such that the last term in (2.2), describing the self-interaction of the Higgs field, be
gauge invariant and positive definite. In particular, Tmα(iGj)mk′l′ + T¯
m′
α(k′Gl′)m′ij = 0 must
hold. For the Lagrangian of the multiplet of the Weyl spinor fields we choose
LW := i
2
Grr′g
ab
(
ψ¯r
′
A′∇/bψrA − ψrA∇/bψ¯r
′
A′
)
. (2.3)
Then the Lagrangian of the total Yang–Mills–Higgs–Weyl system is L := LYM + LH +
LW + LI − V , where LI = LI(Φi, Φ¯i′, ψrA, ψ¯r′A′) is a real, purely algebraic and gauge
invariant expression of the Higgs and Weyl spinor fields, describing their interaction, and
V = V (Φi, Φ¯i
′
) is a purely algebraic potential term. Motivated by the specific Standard
Model, we choose them, respectively, to have the structure
LI = i
2
(
εA
′B′ψ¯r
′
A′ψ¯
s′
B′ Y¯r′s′iΦ
i − εABψrAψsBYrsi′Φ¯i
′
)
, (2.4)
V =
1
2
µ2Gij′Φ
iΦ¯j
′
. (2.5)
Here Yrsi′ = −Ysri′ are the so-called Yukawa coupling constants such that LI be real and
gauge invariant, i.e. Ypsi′T pαr + Yrpi′T
p
αs + Yrsj′T¯
j′
αi′ = 0, and µ
2 is the (maybe negative)
rest mass parameter of the Higgs field. For α = 0 in (2.2) LH − V is the standard
flat-spacetime Lagrangian of the Higgs field, while LH for α = 1/6 has the form of the
Lagrangian of (a multiplet of) conformally invariant self-interacting scalar fields.
2.3 The field equations and the energy-momentum tensor
The basic spacetime covariant matter field variables are ωαa , Φ
i and ψrA. Using the fact that
the fiber metrics Gαβ, Gij′ and Grr′ are invariant with respect to gauge transformations
(and hence they are annihilated by the covariant derivative ∇/e), a routine calculation
yields that the field equations are
(∇/aF βab)Gβα= 12
(
(∇/bΦ¯i
′
)Gi′jT
j
αkΦ
k + (∇/bΦi)Gij′T¯ j
′
αk′Φ¯
k′
)
+
+
i
2
Grr′
(
T rαsψ
s
Bψ¯
r′
B′ − T¯ r
′
αs′ψ¯
s′
B′ψ
r
B
)
, (2.6)
∇/a
(∇/aΦj)Gji′ =−(µ2 + αR)ΦjGji′ −Gklj′i′ΦkΦlΦ¯j′ − iεABψrAψsBYrsi′, (2.7)(∇/AA′ψrA)Grr′ =−ψ¯s′A′ Y¯r′s′iΦi. (2.8)
The two currents on the right of (2.6), built from the Higgs scalar and the Weyl spinor
multiplets, respectively, will be denoted by 4π HJ
β
b Gβα and 4π WJ
β
b Gβα.
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Since our choice for the signature of the spacetime metric is −2, we should define
the symmetric energy-momentum tensor by Tab := 2δID/δgab, where ID :=
∫
D
L√|g|d4x
is the action functional and D ⊂ M is an open subset with compact closure. Then a
straightforward calculation yields the energy-momentum tensor of the Yang–Mills–Higgs
sector (governed by the Lagrangian LYM + LH − V ). It is
T
(YMH)
ab =GαβF
α
acF
β
bdg
cd − 1
4
gabGαβF
α
ceF
β
dfg
cdgef +
1
2
gabµ
2Gij′Φ
iΦ¯j
′
+ (2.9)
+Gij′
(∇/(aΦi)(∇/b)Φ¯j′)− 12gabGij′
(∇/cΦi)(∇/cΦ¯j′)+ 14gabGijk′l′ΦiΦjΦ¯k
′
Φ¯l
′ −
−α(Rab − 1
2
Rgab
)
Gij′Φ
iΦ¯j
′ − α∇a∇b
(
Gij′Φ
iΦ¯j
′
)
+ αgab∇c∇c
(
Gij′Φ
iΦ¯j
′
)
.
The apparently different energy-momentum tensor T˜ab for a single, conformally invariant
scalar field satisfying ∇c∇cΦ+ 16RΦ = 0 given in [11] (and also appearing in [9]) coincides
with that given by (2.9) with α = 1/6 up to a numerical factor and the field equation:
T
(H)
ab =
2
3
T˜ab +
1
3
gabΦ(∇c∇cΦ + 16RΦ).
Clearly, in the derivation of the field equations the variation of the spinor field ψrA and
the variation of its components ψrA in some fixed normalized dual spinor basis {εAA , εAA }
are equivalent. Thus, even if we had chosen the components ψrA of the spinor fields to
be the basic variable in the previous paragraphs, we would have obtained the same field
equation (2.8). However, the spinor bundle is linked to the orthonormal frame bundle,
and hence the notion of spinors itself depends on the metric (in fact, the conformal
structure) of the spacetime. Therefore, under a general variation of the spacetime metric
quantities in different orthonormal frame bundles (as different subbundles of the linear
frame bundle) must be compared. Hence, in the calculation of the energy-momentum
tensor of the Weyl sector of the Standard Model, it would appear to be natural to consider
the components of the spinor fields and the tetrad field to be the independent variables.
Nevertheless, a pure Lorentz transformation of the orthonormal frame field, and hence
a pure SL(2,C) transformation of the normalized spinor basis, must yield only a pure
(Lorentz or SL(2,C)) gauge transformation, even though the tensor/spinor components
in these bases do change. Hence, it seems even more natural to choose the components of
the spinor field up to SL(2,C) transformations and the spacetime metric (rather than the
spinor components and the orthonormal vector basis) to be the independent variables.
Following this idea, in the Appendix we calculate the total variation of the Lagrangian
of a multiplet of Weyl spinor fields in terms of the variation of these independent variables.
Using the resulting expression (6.4) for this variation, it is straightforward to derive the
energy-momentum tensor of the spinorial sector of the Standard Model (governed by the
Lagrangian LW + LI above). It is
T
(WI)
ab =
i
4
Grr′
(
ψ¯r
′
A′∇/BB′ψrA + ψ¯r
′
B′∇/AA′ψrB − ψrA∇/BB′ ψ¯r
′
A′ − ψrB∇/AA′ψ¯r
′
B′
)
− (2.10)
− i
2
gab
(
ψ¯r
′
C′
(
Gr′r∇/C
′CψrC + ε
C′D′ψ¯s
′
D′ Y¯r′s′iΦ
i
)− ψrC(Grr′∇/CC′ψ¯r′C′ + εCDψsDYrsi′Φ¯i′)
)
.
If the field equation (2.8) is satisfied, then the second line is vanishing; and, apart from
a numerical factor, for a single Weyl spinor field satisfying the neutrino equation the
expression (2.10) reproduces the energy-momentum tensor postulated in [8].
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By (2.7) and (2.8), the trace of the energy-momentum tensor Tab = T
(YMH)
ab + T
(WI)
ab
of the whole Standard Model is
Tabg
ab =
1
2
(
6α− 1)∇a∇a
(
Gij′Φ
iΦ¯j
′
)
+ µ2Gij′Φ
iΦ¯j
′
. (2.11)
Thus, even if α is chosen to be 1/6 and the field equations are satisfied, Tab is not trace-free
unless µ2 = 0.
It is a straightforward calculation to check that (see e.g. [8]), if the spacetime metric
is conformally rescaled according to gab 7→ Ω2gab and, at the same time, the basic matter
fields are also rescaled according to ωαe 7→ ωαe , Φi 7→ Ω−1Φi and ψrA 7→ Ω−1ψrA, then
LYM + LH + LW + LI 7→ Ω−4
(
LYM + LH + LW + LI − 1
2
∇e
(
ΥeGij′Φ
iΦ¯j
′
))
+ Ω−4
1
2
(1− 6α)(∇eΥe +ΥeΥe)Gij′ΦiΦ¯j′,
V 7→ Ω−2V ;
while the spacetime volume element changes as dv 7→ Ω4dv. Therefore, if α = 1/6, then
it is only the potential V in the action ID that violates the conformal invariance. Note
also that any higher (e.g. 6th) order self-interaction term in LH also would violate the
conformal invariance of the action.
2.4 Example: The Weinberg–Salam model with a single lepton
generation
In subsection 4.3 we will calculate the rest masses of the fields of the Einstein-conformally
coupled Weinberg–Salam model. Thus (also to justify the above general model and
to motivate the questions in the rest of the paper), here we review the key points of
the classical theory behind this model. Here all the bundles are assumed to globally
trivializable. For detailed and readable classical presentations of the model, see [5, 6].
The gauge group is U(2) = U(1) × SU(2), and we choose ( i
2
τ0,
i
2
τi) to be the basis
(g0, gi) in its Lie algebra u(2) = u(1)⊕su(2), where τ0 := δAB and τi := τAiB (with i = 1, 2, 3
and A,B = 0, 1) are the standard SU(2) Pauli matrices (without the factor 1/
√
2). Since
the Cartan–Killing metric of SU(2) in this basis is −δij , the metric Gαβ, α, β = 0, i, will
be the direct sum of −(1/g2)δij and of −1/g′2 for some positive coupling constants g and
g′. The corresponding connection 1-forms and field strengths are denoted, respectively,
by ωie and ω
0
e , and by F
i
ab and F
0
ab.
Following [5], for the sake of simplicity we assume to have only the first lepton gen-
eration consisting of the electron and the corresponding (for the sake of simplicity, still
massless) neutrino, represented traditionally by the Dirac spinor Ψ = (ψA, χ¯A′) (as a col-
umn vector) and the Weyl spinor νA, respectively. In the Weinberg–Salam model they are
re-arranged such that the multiplets ψAA := (νA, ψA), A = 0, 1, (as a column vector) span
the representation space of the defining representation of SU(2) (an ‘SU(2)-doublet’)
with the representation matrices i
2
τAiB, while χ¯A′ is invariant with respect to SU(2) trans-
formations (‘SU(2)-singlet’). However, since U(1) is commutative, there is a freedom
to choose different charges (actually: ‘hypercharges’) in its different representations. In
the Weinberg–Salam model −1 and −2 hypercharges are associated with ψAA and χ¯A′ ,
respectively, i.e. in the two cases the u(1) algebra is represented by − i
2
δAB and −2 i2 ,
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respectively. Thus, with the notation ψ2A := χA, the spinor representation splits to the
direct sum of two and one dimensional irreducible representations of u(2) = u(1)⊕su(2).
Therefore, the representation matrices T rαs, r, s = 0, 1, 2, of subsection 2.1 are
T r0s =
i
2
( −δAB 0
0 2
)
, T ris =
i
2
(
τAiB 0
0 0
)
,
and the (spacetime and gauge) covariant derivative of the spinor fields are
∇/eψAA = ∇eψAA +
i
2
ωieτ
A
iBψ
B
A −
i
2
ω0eψ
A
A , ∇/eχA = ∇eχA + iω0eχA.
To form the Lagrangian LW , we need the Hermitian metric Grr′. By its invariance
requirement, Gr′sT sαr+Grs′T¯
s′
αr′ = 0, it is necessarily the direct sum of two metrics: Some
real constant times δAA′ and another constant times the 1× 1 unit matrix. However, by
an appropriate re-definition of the spinor fields these constants can be chosen to be 1 or
−1. In the Weinberg–Salam model both are chosen to be 1.
The representation for the Higgs field will also be chosen to be the defining represen-
tation of u(2), in which the hypercharge in the representation of u(1) is chosen to be +1.
Thus, the representation matrices T iαj are
T i0j =
i
2
δij, T
i
ij =
i
2
τ iij,
where i, j = 1, 2. Hence the covariant derivative of the Higgs field is
∇/eΦi = ∇eΦi +
i
2
ωieτ
i
ijΦ
j +
i
2
ω0eΦ
i.
By the gauge invariance of the fiber metric Gij′, it is necessarily proportional to the
Euclidean metric, which should be positive definite if we want the kinetic term in the
energy density of the Higgs field to be positive (rather than negative) definite. Then,
however, by an appropriate redefinition of the Higgs field, Gij′ = δij′ can always be
achieved.
In the Weinberg–Salam model Gijk′l′ = λGi(k′Gl′)j for some real constant λ, and by the
positivity requirement of Gijk′l′ this λ must be positive. The Yukawa coupling constants
have only one non-trivial algebraically independent component such that the interaction
term (2.4) of the Lagrangian takes the form
− Ge√
2
(
νAχ
AΦ¯1
′
+ ψAχ
AΦ¯2
′
+ ν¯A′χ¯
A′Φ1 + ψ¯A′χ¯
A′Φ2
)
(2.12)
for some real constant Ge. The above conditions with α = 0 in the Lagrangian specify the
classical field theory behind the Weinberg–Salam model (with only one lepton generation)
even on any curved spacetime. This theory depends on five parameters: g, g′, λ, Ge and
µ2. The first four are dimensionless but, in the ~ = c = 1 units, the physical dimension
of the fifth is cm−2.
In Minkowski spacetime on a t = const spacelike hyperplane with unit timelike normal
ta (which is, in fact, a constant timelike Killing vector) the energy density, defined to be
Tabt
atb, is
10
ε=− 1
g2
δij
(
(taF iac)(t
bF jbd)−
1
4
gabF iacF
j
bd
)
gcd − 1
g′2
(
(taF 0ac)(t
bF 0bd)−
1
4
gabF 0acF
0
bd
)
gcd +
+δij′(t
a∇/aΦi)(tb∇/bΦ¯j
′
)− 1
2
δij′(∇/aΦi)(∇/aΦ¯j
′
) +
1
4
λ(δij′Φ
iΦ¯j
′
)2 +
1
2
µ2(δij′Φ
iΦ¯j
′
) +
+
i
2
δAA′t
AA′
(
ψ¯A
′
A′ t
b∇/bψAA − ψAA tb∇/bψ¯A
′
A′
)
+
i
2
tAA
′
(
χ¯A′t
b∇/bχA − χAtb∇/bχ¯A′
)
.
Recall that the ‘vacuum states’ of a field theory are usually defined to be those configu-
rations that are invariant under the action of the group of spacetime isometries, i.e. the
Poincaré group in flat spacetime, and pointwise minimize the energy density. In particu-
lar, every quantity with spacetime (co-)vector or spinor index must be vanishing in these
states. Hence, in such vacuum states, only the Higgs field can be non-zero, but it must
be constant. Clearly, such configurations solve the field equations: They provide static,
constant solutions of them. In these configurations the energy density above reduces to
1
2
µ2δij′Φ
iΦ¯j
′
+ 1
4
λ(δij′Φ
iΦ¯j
′
)2, whose minimum is at Φi = 0 if µ2 ≥ 0; and at the states Φiv
for which v2 := δij′ΦivΦ¯
j′
v = −µ2/λ if µ2 < 0. In the latter case the energy-momentum
tensor is proportional to the spacetime metric, Tab = −14λv4gab, i.e. it is a pure trace.
The significance of these vacuum states Φiv is that it is only the set of these vacuum
states (but not the individual states) that is invariant under the action of the gauge group,
and, in the so-called unitary gauge via the BEH mechanism, their non-trivial ‘vacuum
value’ v yields mass to certain a priori massless fields (for the details see e.g. [5, 6], or
subsection 4.3 below). In particular, the mass of the W± and Z gauge bosons and the
electron, respectively, are mW = 12gv, mZ =
1
2
√
g2 + g′2v and me = 1√2Gev, while the
mass of the observed Higgs field is mH =
√
2λv. Moreover, for the charge e of the electron
we obtain |e| = gg′(g2 + g′2)−1/2. Note that all these masses are proportional to the
vacuum value v of the field Φi at the symmetry breaking vacuum state. Measuring these
masses, the parameters of the model can be determined in terms of them and the charge:
g = 0.652, g′ = 0.357, Ge = 2.87×10−6, λ = 1/8 and |µ| ≃ 87.2GeV/c2 ≃ 4.4×1015cm−1
(in the ~ = c = 1 units).
2.5 The Einstein–conformally coupled Standard Model system
The structure and the logic, and also the particular successes and results of the Weinberg–
Salam model motivate its generalization to non-flat (in particular, to non-stationary)
spacetime in a way such that (i.) it reduces to the original theory in flat spacetime
(i.e. be compatible with the present day particle physics), and (ii.) it behaves as sim-
ply as possible under conformal rescalings of the spacetime metric (i.e. be compatible
with the overall picture that basically the fundamental particles are massless). These
requirements suggest to choose the constant α in the Lagrangian of the Higgs field to be
1/6, but, apart from this extra coupling term, both the Standard Model and Einstein’s
General Relativity are kept as they are. This yields a non-trivial generalization of the
flat-spacetime Weinberg–Salam model (or, more generally, the extended Standard Model
of particle physics allowing even massive or sterile neutrinos), the Einstein–conformally
coupled Standard Model (EccSM) system. Thus, in this model, the coupling of the mat-
ter to gravity is not only the so-called ‘minimal coupling’ dictated by the principle of
general covariance, but there is the extra term which improves the conformal properties
of the model: It is only the Higgs potential term V that violates the complete conformal
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invariance of the matter sector. Any further non-trivial change of the theory could easily
yield effects that contradict the highly precise experimental tests of the Standard Model
of particle physics or of Einstein’s theory.
With the sign conventions of the introduction, Einstein’s equations take the form
Rab − 1
2
Rgab = −κTab − Λgab. (2.13)
Taking its trace (and assuming that α = 1/6, as in the rest of the paper) by (2.11) we
obtain that R = 4Λ+ κµ2Gij′ΦiΦ¯j
′
. With this substitution in the field equation (2.7) for
the Higgs field we obtain that
∇/a
(∇/aΦj)Gji′ = −(µ2 + 2
3
Λ
)
ΦjGji′ −
(
Gi′j′kl +
1
6
κµ2Gi′kGj′l
)
Φ¯j
′
ΦkΦl − iεABψrAψsBYrsi′.
(2.14)
Comparing the field equations (2.6)-(2.8) for α = 0 with those given by (2.6), (2.8) for
α = 1/6 and (2.14), we see that they have exactly the same structure, and hence there
is no difference in the structure of their solution on a given spacetime geometry (i.e.
when we neglect the gravitational back-reaction). Thus, the conformal coupling term
in LH does not yield any qualitative change in the low energy particle physics. The
only change is that in the field equations for the Higgs field the cosmological constant
modifies the mass parameter of the Higgs field according to µ2 7→ µ2 + 2
3
Λ, and the
self-interaction term is also modified by a term proportional to Newton’s gravitational
constant. In particular, in the Weinberg–Salam model the latter is λ 7→ λ + 1
6
κµ2.
Therefore, in particular, in the conformally coupled model in the presence of a nonzero
cosmological constant the Higgs field would have a non-zero effective mass parameter even
if µ2 were vanishing; i.e. even if the Higgs field were a multiplet of strictly conformally
invariant scalar fields. However, the contribution of the cosmological constant to the
Higgs rest mass parameter is extremely tiny: The present day estimated value of the
cosmological constant is Λ ≃ 10−58cm−2, while, as we noted in the previous subsection,
−µ2 ≃ 1.8×1031cm−2 (in the ~ = c = 1 units). The shift of the self-interaction parameter
is also very small: While λ = 1/8, its correction term is only 1
6
κµ2 ≃ −2.1×10−34. Hence,
at the present accelerator energies, both the Standard Model of particle physics and the
EccSM system give essentially the same quantitative predictions.
Next, let us take into account Einstein’s equations in the expression of the energy-
momentum tensor, too, and introduce the notations |Φ|2 := Gij′ΦiΦ¯j′ and tab := Tab +
1
6
Gab|Φ|2, where Gab is the Einstein tensor (see equation (2.9)). Then by the definitions
and Einstein’s equations we can write
κTab = κtab − κ
6
|Φ|2Gab = κtab
(
1 +
κ
6
|Φ|2
)
+
κ
6
|Φ|2Λgab −
(κ
6
|Φ|2)2Gab = · · · =
= κ
(
tab +
Λ
6
|Φ|2)
∞∑
n=0
(
κ
6
|Φ|2)n + κTab lim
n→∞
(
κ
6
|Φ|2)n. (2.15)
However, on the right the limit is finite (in fact, zero) and the geometric series converges
precisely when |Φ|2 < 6/κ. If |Φ|2 > 6/κ, then the analogous argumentation yields
− κTab − Λgab = Gab = 6
κ|Φ|2
(
κtab + Λgab
) ∞∑
n=0
( 6
κ|Φ|2
)n
+Gab lim
n→∞
( 6
κ|Φ|2
)n
. (2.16)
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In both cases the energy-momentum tensor takes the form
Tab =
(
1− 1
6
κ|Φ|2)−1{GαβF αacF βbdgcd − 14gabGαβF αceF βdfgcdgef + (2.17)
+Gij′
(∇/(aΦi)(∇/b)Φ¯j′)− 12gabGij′
(∇/cΦi)(∇/cΦ¯j′)+ 14gabGijk′l′ΦiΦjΦ¯k
′
Φ¯l
′ −
− 1
6
∇a∇b
(|Φ|2)+ 1
6
gab∇c∇c
(|Φ|2)+ 1
2
gab
(
µ2 +
1
3
Λ
)|Φ|2 +
+
i
4
Grr′
(
ψ¯r
′
A′∇/BB′ψrA + ψ¯r
′
B′∇/AA′ψrB − ψrA∇/BB′ ψ¯r
′
A′ − ψrB∇/AA′ψ¯r
′
B′
)
−
− i
2
gab
(
ψ¯r
′
C′
(
Gr′r∇/C
′CψrC + ε
C′D′ψ¯s
′
D′Y¯r′s′iΦ
i
)− ψrC(Grr′∇/CC′ψ¯r′C′ + εCDψsDYrsi′Φ¯i′)
)}
.
In fact, this expression of the energy-momentum tensor can be obtained independently
of the power series arguments above simply by expressing the Einstein tensor by Tab and
Λ already from the first equality of (2.15). However, if |Φ|2 = 6/κ, then the limit on
the right of (2.15) is just κTab and the geometric series diverges. The breakdown of the
expression (2.15) (or of (2.16)) of Tab when |Φ|2 = 6/κ indicates that this configuration
corresponds to a potential singularity of the EccSM system.
Thus, what changed dramatically is the structure of the energy-momentum tensor of
the matter fields: Although this expression for Tab is polynomial in the spinor and the
gauge fields, it is not polynomial in the Higgs field. It, and via Einstein’s equations the
spacetime geometry, may have two different kinds of singularities. First, when the matter
field variables (or at least some of them) are singular; and, second, when all these field
variables are finite but the square of the norm of the Higgs field takes the special value
6/κ = 3c4/4πG. (In the ~ = c = 1 units, this value is 6/κ ≃ 8.6× 1064cm−2.) Therefore,
by Einstein’s equations we obtain the remarkable fact that the conformal coupling of the
Higgs sector to gravity yields that the spacetime geometry can be singular even if all the
matter fields are finite. In particular, Tab could be diverging even if Φi is bounded and
spatially constant, and the gauge and the spinor fields are identically vanishing (e.g. in
the presence of FRW or Kantowski–Sachs symmetries).
In the absence of the gauge and spinor fields the energy-momentum tensor near the
first singularity diverges like ∼ |Φ|2, and in the second like ∼ (6/κ− |Φ|2)−1 ∼ (
√
6/κ−
|Φ|)−1. In addition, since R = 4Λ + κµ2|Φ|2, at the Big Bang R → −∞, but the
curvature scalar remains bounded when |Φ|2 tends to 6/κ. Thus, the second singularity
seems less violent than the first, and hence, motivated by the cosmological terminology,
we call the second the ‘Small Bang’ (though such a singularity may appear during a
gravitational collapse, deeply behind the event horizon). (Note, however, that the energy-
momentum tensor of the Higgs field of the Standard Model, i.e. without the conformal
coupling term 1
12
R|Φ|2 in its Lagrangian, has a single, but much more violent Big Bang
type singularity whose energy-momentum tensor diverges as ∼ |Φ|4. Thus, although the
conformal coupling produces an extra singularity, but at the same time it tempers the
one in the Einstein–Standard Model system.) The nature of the Small Bang singularity
differs from that of the Big Bang: While the latter is like a pole, the former is an infinite
discontinuity of the energy-momentum tensor. The energy-momentum tensor changes
sign at the Small Bang singularity: If the energy density is positive on one side of the
|Φ|2 = 6/κ hypersurface (as a singularity) in the phase space, then it is negative on
the other. However, the field configurations in which |Φ|2 = 6/κ are not necessarily
singularities of the energy-momentum tensor, because the numerator in the expression
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(2.17) could also be zero at the same time (see also subsection 3.4.2). Moreover, the
existence of singularities of the energy-momentum tensor in the phase space does not
necessarily imply the existence of singularities in the solutions of the field equations.
In fact, the detailed analysis of the field equations of the Einstein-conformally coupled
Higgs (EccH) system in the presence of FRW symmetries shows that the Small Bang
singularities do appear in solutions [10]: The field equations have asymptotic solutions
in which |Φ|2 = 6/κ corresponds to a physical, scalar polynomial curvature singularity
in which RabRab diverges. Also, there are asymptotic solutions in which |Φ|2 takes the
value 6/κ at regular spacetime points with bounded energy-momentum tensor, and the
solution can be continued to the |Φ|2 > 6/κ side of the phase space of the EccH system.
Since in the present paper we study the consequences of the kinematical structure of the
EccSM system, now we do not need to know the detailed properties of the solutions.
They will be published in a separate paper [10].
The phase space of the EccSM system splits into the disjoint domains where |Φ|2 < 6/κ
(the states of our low energy world) and where |Φ|2 > 6/κ, and a part of the hypersurface
|Φ|2 = 6/κ could represent regular (non-singular) states. (In the FRW case these regular
states form only a 2-surface in the 3-dimensional |Φ|2 = 6/κ hypersurface, see subsection
3.4.2.) Looking at this result from a different perspective, we see that for generic Yang–
Mills gauge and Weyl spinor field configurations, i.e. when the numerator between the
curly bracket in (2.17) is not zero, the Higgs field cannot be arbitrarily large: Its pointwise
norm |Φ|2 is bounded from above by 6/κ. Otherwise the energy-momentum tensor and, via
Einstein’s equations, the spacetime geometry would be singular (Small Bang). The role
of this bound is analogous to that of the speed of light c in relativistic particle mechanics,
where infinite energy would be needed to speed a particle up to c. Here, infinite energy
would have to be pumped into the Higgs field to achieve this upper bound. We stress
that this natural cut-off is non-perturbative, present already in the classical theory, and
provided by Newton’s gravitational constant G. In the ~ = c = 1 units this bound is
roughly one order of magnitude above the Planck scale.
2.6 The problem of ‘vacuum states’ of gravitating systems
As we mentioned in subsection 2.4, the vacuum states of a field theory in Minkowski
spacetime are usually defined to be the field configurations which are Poincaré invariant
and minimizing the energy density. In particular, these states are both translation and
boost-rotation invariant, and solve the field equations, too.
However, this definition cannot be applied directly to gravitating systems. Indeed, the
physical system is the coupled Einstein–matter system, in which the matter sector is only
a subsystem of the whole, and, as a manifestation of the principle of equivalence, there is
no non-dynamical (e.g. flat) background metric whose isometries could be required to be
the symmetries of the matter fields in the vacuum state, too. Moreover, we would need an
appropriate expression, in fact a definition, for the energy density of the matter+gravity
system. However, as is well known, there is no well defined (i.e. gauge invariant, ten-
sorial) energy-momentum density of the gravitational ‘field’: Any such local expression
is necessarily SO(1, 3) gauge dependent or/and pseudotensorial, as a consequence of the
equivalence principle (and, ultimately, the Eötvös experiment). (For a review of these
difficulties, and also for the possible resolutions of them, see e.g. [12].)
Thus, instead of the energy density, we should use some total or quasi-local energy-
momentum functional. Such a functional would be the integral of some local (gauge
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dependent) expression on a spacelike hypersurface Σ. Hence, in general, the notion of the
‘vacuum states’ (as states that are extremal points of such a functional) depends on the
hypersurface. Thus, such a ‘vacuum state’ is only an instantaneous state associated with
the instant represented by Σ. If, however, the energy-momentum in question depends
only on the boundary ∂Σ of the hypersurface, which could be a closed spacelike 2-surface
in spacetime or at infinity, but does not depend on the hypersurface itself (i.e. the
energy-momentum is ‘conserved’), then the ‘vacuum state’ introduced by such an energy-
momentum expression can be interpreted as being associated with the whole domain of
dependence (or Cauchy development) of Σ. This domain of dependence could be the
whole spacetime, or only an open subset of it.
Indeed, in general relativity there are various notions of total energy-momentum (or
at least total mass), depending on the global asymptotic structure of the spacetime and
the sign of the cosmological constant [13, 14, 15, 16, 17, 18]. After renormalizing for the
cosmological constant term, all these have the general form
P[Ψ] :=
∫
Σ
( 2
κ
tAA
′
tBB
′
tCC
′
(D(ABλC)D(A′B′ λ¯C′) +D(ABµC)D(A′B′ µ¯C′))+
+
1
2
taTab
(
λBλ¯B
′
+ µBµ¯B
′
))
dΣ. (2.18)
Here De is the unitary spinor form of the so-called Sen connection on Σ; and the
Dirac spinor Ψ = (λA, µ¯A
′
), representing the spinor constituents of the vector field
Ka = 1
2
(λAλ¯A
′
+µAµ¯A
′
) that defines the appropriate component of the energy-momentum,
is subject to a certain gauge condition. The gauge condition is that Ψ must be a solution
of an appropriate linear elliptic partial differential equation, e.g. some version of Witten’s
equation, on Σ. The first term in the integrand could be identified with the contribution
of the gravitational ‘field’ in this gauge to the total energy-momentum. (For the details,
see e.g. [16].)
The significance of all these expressions in general relativity is that, provided the
energy-momentum tensor satisfies the dominant energy condition [21], they yield non-
negative total energy/mass, and have the so-called rigidity property: The zero (i.e. mini-
mal) total energy matter+gravity configurations are the (locally) Minkowski, de Sitter or
anti-de Sitter spacetimes (depending on the asymptotic structure of the spacetime and
the sign of the cosmological constant) with vanishing matter fields. Thus, these configu-
rations can be interpreted to be the global, spacetime vacuum states of Einstein’s theory
with matter fields satisfying the dominant energy condition. Although, in contrast to the
total energy-momenta, there is no generally accepted and completely satisfactory notion
of quasi-local energy-momentum (for a comprehensive review of the various suggestions,
see [12]), certain expressions (e.g. that of Dougan and Mason [19]) have analogous posi-
tivity and rigidity properties [20], and hence can yield a well defined quasi-local spacetime
vacuum state.
Unfortunately, however, the energy-momentum tensor (2.17) does not satisfy even the
weak energy condition. Thus, strictly speaking, the positivity and rigidity results for the
existing total or quasi-local energy-momentum functionals in their present form cannot
be used to define the total or quasi-local ‘vacuum states’ of the EccSM system; and it
is still not clear whether or not the above energy positivity and rigidity proofs could
be generalized appropriately. Moreover, if the typical (partial Cauchy) hypersurface Σ
is not compact, then the energy-momentum functional is not finite unless appropriate
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fall-off conditions for the matter and geometry are imposed. Clearly, in a (more-or-less
homogeneous) cosmological spacetime no such fall-off condition can be required to hold.
A further potential difficulty is that while the minimal value of the total mass on a single
hypersurface in closed universes (with non-negative Λ) characterizes the locally flat/de
Sitter spacetimes (i.e. the rigidity property can be proven if the matter fields satisfy
the dominant energy condition), but in general this mass does depend on the spacelike
hypersurface [17, 18].
Nevertheless, although mathematically we could not derive the (global or quasi-local)
‘spacetime vacuum states’ of the EccSM system from the results above, on physical
grounds it seems natural to postulate that these states are certain locally maximally
symmetric spacetime+matter configurations. All these are stationary configurations, but,
as we will see, they do not solve the field equations and extremize the energy functional
at the same time. In the presence of gravity the familiar notion of the spacetime vacuum
states is lost. We discuss this problem in subsection 2.6.1.
Motivated by the negative results with the spacetime vacuum states and the fact that
in closed universes the total mass is not conserved, we should consider a weaker notion of
vacuum states, the instantaneous ones. These are defined to be the stationary points of
the energy-momentum functional, and they depend on the hypersurface Σ. This notion is
certainly legitimate in a cosmological context, and could provide a basis of the realization
of Mach’s idea on the origin of inertia and the rest masses. In fact, this notion yields the
time dependence of rest masses, and, in particular, their non-trivial genesis. This notion
will be discussed in subsections 2.6.2 and 4.2 in detail.
2.6.1 The spacetime vacuum states
Without further mathematical justification, let us postulate that the (global) spacetime
vacuum states of the EccSM system correspond to certain locally maximally symmet-
ric spacetimes and matter fields admitting the same geometric symmetries. Thus, the
spacetime is assumed to be locally de Sitter, Minkowski or anti de Sitter. Hence the
Einstein tensor is Rab − 12Rgab = −14Rgab, and the energy-momentum tensor is a pure
trace: Tab = 14Tgab. Hence, the energy density, seen by any observer, is ε =
1
4
T .
Since the matter fields are required to be invariant under the action of the (local)
isometry group of the spacetime, the matter fields at each point p ∈ M must be invariant
under the action of the stabilizer group of p in the isometry group, i.e. SO(1, 3). There-
fore, all the physical fields specifying the spacetime vacuum state and have a spacetime
tensor or spinor index, viz. F αab, ∇/eΦi and ψrA, must be vanishing everywhere. In particu-
lar, the vacuum value of the Higgs field must be gauge covariantly constant, and hence,
by ∇e|Φ|2 = (∇/eΦi)Gij′Φ¯j
′
+ ΦiGij′(∇/eΦ¯j
′
) = 0, its Hermitian pointwise norm is constant
onM . For the sake of simplicity, we assume that by an appropriate globally defined gauge
transformation the locally flat gauge field can be transformed to be vanishing. Hence,
the Higgs field is constant on M , too: ∇eΦi = 0.
In these configurations gravity does not contribute explicitly to (2.18), and (2.18)
reduces to the integral of the energy-momentum tensor of the matter fields. By (2.17)
the energy density is
ε =
1
4
1
1− 1
6
κ|Φ|2
(
2
(
µ2 +
Λ
3
)|Φ|2 +Gijk′l′ΦiΦjΦ¯k′Φ¯l′
)
. (2.19)
For the sake of simplicity, we also assume in this subsection that the self-interaction
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coefficient is Gijk′l′ = λGk′(iGj)l′ with λ > 0.
The field configurations F αab = 0, ψ
r
A = 0 with ∇eΦi = 0 solve (2.6) and (2.8), but
(2.14) gives the additional condition
µ2 +
2
3
Λ + λ|Φ|2 + 1
6
κµ2|Φ|2 = 0. (2.20)
Its solutions, denoted by Φig (‘ground states’), have the norm
|Φg|2 = −
µ2 + 2
3
Λ
λ + 1
6
κµ2
= −µ
2
λ
+
κ
6
µ4
λ2
− 2
3
Λ
λ
+ ... (2.21)
The first term in the expansion is the well known vacuum value in the Standard Model
in Minkowski spacetime (see subsection 2.4), the second, being proportional to Newton’s
gravitational constant, is of proper gravitational origin, while the third has cosmological
origin.
However, the ground states Φig do not minimize the energy density. In fact, by (2.19),
the critical points of ε are at Φ = 0 and at the solutions of
− 1
12
κλ|Φ|4 + λ|Φ|2 + (µ2 + 1
3
Λ) = 0. (2.22)
Its solutions, representing the minima of ε and denoted by Φiv (‘vacuum states’), have
the norm
|Φv|2 = 6
κ
(
1−
√
1 +
κ
3λ
(µ2 +
1
3
Λ)
)
= −µ
2
λ
+
κ
12
µ4
λ2
− 1
3
Λ
λ
+ .... (2.23)
(Φ = 0 and the solution with the+ sign in front of the square root are localmaxima rather
than minima of the energy density.) The structure of its expansion and the meaning of
the corrections are similar to those of |Φg|2. The minimum value of ε is −14λ|Φv|4; i.e. in
the vacuum states the spacetime is anti-de Sitter (rather than Minkowski).
Comparing |Φg|2 and |Φv|2 we find that these do not coincide. (2.21) would be a
solution of (2.22) precisely when (Λ − κµ4/4λ)(Λ + 3µ2 + 9λ/κ) = 0, i.e. if Λ = κµ4/4λ
or Λ = −3µ2 − 9λ/κ held. However, their left hand side is ≃ 10−58cm−2, but the right
hand sides are ≃ 1.1× 10−2cm−2 and ≃ −1.6× 1064cm−2, respectively.
Next, let us calculate the rest masses (see e.g. [5]). Let Φi0 denote a constant Higgs
field on M (which could be Φiv or Φ
i
g), and choose the basis {gα} of the Lie algebra of the
gauge group such that T iαjΦ
j
0 = 0 for α = 1, ..., k0, and T
i
αjΦ
j
0 6= 0 for α = k0 + 1, ..., k.
(Thus {g1, ..., gk0} is a basis in the Lie algebra of the stabilizer subgroup of Φi0 in G.)
Then, as Weinberg showed [22], for any compact gauge group and Higgs field there is a
gauge, the so-called unitary gauge, in which the Higgs field is Φi = Φi0 +H
i, where H i
is the sum of a field proportional to Φi0, say H|Φ0|−1Φi0 for some real function H , and
another one orthogonal to all the vectors T iαjΦ
j
0 for α = k0 + 1, ..., k. (N.B.: For real
Higgs fields Φi0 is always Gij-orthogonal to all the vectors T
i
αjΦ
j
0 for α = k0 + 1, ..., k, but
for complex Higgs fields Φ¯i
′
0Gi′jT
j
αkΦ
k
0 is not zero, it is only purely imaginary.) In terms
of these
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LH −V = 1
2
Gij′g
ab
(∇aH i)(∇bH¯ j′)+ 1
2
gabωαaω
β
b
(
T iαkΦ
k
0
)
Gij′
(
T¯ j
′
βl′Φ¯
l′
0
)−
−1
2
(
µ2 +
1
2
λ|Φ0|2 + 1
6
R
)|Φ0|2 − 1
2
(
µ2 + λ|Φ0|2 + 1
6
R
)(
Gij′Φ
i
0H¯
j′ +Gij′H
iΦ¯j
′
0
)
−
−1
2
(
µ2 + λ|Φ0|2 + 1
6
R
)|H i|2 − 1
4
λ
(
Gij′Φ
i
0H¯
j′ +Gij′H
iΦ¯j
′
0
)2
+O(3), (2.24)
and
LI = i
2
(
εA
′B′ψ¯r
′
A′ψ¯
s′
B′ Y¯r′s′iΦ
i
0 − εABψrAψsBYrsi′Φ¯i
′
0
)
+O(3).
Here |H i|2 := Gij′H iH¯ j′ and O(3) stands for all the terms cubic or higher order in the
field variables H i, ωαa and ψ
r
A. The rest mass of the gauge and the spinor fields can be
read-off from these expressions.
In particular, in the Einstein–conformally coupled Weinberg–Salam model, Φi0 can be
chosen to have the form (0, |Φ0|), and also H i = (0, H) (as column vectors). Then we find
me =
1√
2
Ge|Φ0|, mW = 12g|Φ0|, mZ = 12
√
g2 + g′2|Φ0| and the photon is massless (for the
details see e.g. [5, 6], or subsection 4.3 below). Thus, all these masses are given by their
expression in the Weinberg–Salam model except that the vacuum value v =
√−µ2/λ
of the Higgs field in that model should be replaced by |Φ0| (i.e. by |Φv| or |Φg|). To
determine the rest mass of the Higgs field, too, we should calculate the derivatives of
LH − V with respect to H at the state Φi0 (i.e. at H = 0). They are
(∂(LH − V )
∂H
)
0
= −
(
µ2 +
2
3
Λ + λ|Φ0|2 + 1
6
κµ2|Φ0|2
)
|Φ0|, (2.25)
(∂2(LH − V )
∂H2
)
0
= −
(
µ2 +
2
3
Λ + 3λ|Φ0|2 + 1
6
κµ2|Φ0|2
)
. (2.26)
Therefore, comparing these with (2.20), we see that the critical point of LH − V is the
solution Φig of the field equations (the ‘ground state’), rather than the ‘vacuum state’ Φ
i
v.
Hence, the rest mass of H cannot be read-off from (2.26) if Φi0 is chosen to be the minimal
energy density state Φiv. That would have to be the solution Φ
i
g of the field equations,
which does not minimize the energy density.
2.6.2 Preliminary remarks on the instantaneous vacuum states
What we learnt in subsection 2.6.1 is that the uniqueness of the notion of the usual
‘spacetime vacuum states’ is lost : The two key properties of the usual vacuum states,
viz. that they minimize the energy density and solve the field equations, split. The
uniquely determined global spacetime vacuum states of the Standard Model in Minkowski
spacetime seem to be analogous to absolute parallelism, i.e. the existence of globally
defined Cartesian coordinate frames, in differential geometry. The conformally invariant
coupling to gravity rules out the very existence of such uniquely defined vacuum states.
Thus, to find the appropriate notion of the ‘vacuum states’ we should rethink this concept
and the mathematical realization of these states.
Let us recall that the states in classical field theory, represented by certain spinor and
tensor fields, are specified on a 3-manifold, which will be the typical Cauchy hypersurface
in the spacetime. These fields form the correct initial data set for the evolution equations.
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What we want to identify as the instantaneous vacuum states are certain special physical
states, defined e.g. as the extremal points of some energy functional. Thus, in particular,
in a constrained system, these states must solve the constraint parts of the field equations.
In a (gauge symmetry breaking) local classical field theory the role of the vacuum
states is to provide a non-trivial reference configuration, whose ‘vacuum value’ is present
in the outcome of certain local experiments, e.g. in the measurement of the vector boson
masses. However, by the principle of locality, it is hard to imagine how the result of such
a local measurement could depend on the state of the world in the remote future. The
outcome of a local experiment should be determined by the instantaneous state of the
system in which the experiment was carried out. Therefore, the notion of the ‘vacuum
states’ should also be instantaneous, and the ‘vacuum state’ at one instant is not a priori
required to be the time evolution of the ‘vacuum state’ at an earlier instant. The evolution
may take these ‘instantaneous vacuum states’ into non-vacuum states in the next instant.
Nevertheless, since the ‘vacuum states’ are special states, they may have some spatially
non-local character, like the spinor field Ψ in the total energy-momentum expression
(2.18) that satisfies an elliptic partial differential equation on Σ. Thus, the ‘vacuum
states’ are local in time, but could be non-local in space. On the other hand, there
might be (and, as we will see, there are) situations in which the field configurations
that are to be the instantaneous vacuum states are well defined only on open subsets
of the hypersurface Σ defining the instant. If these field configurations are well defined
on the whole Σ, then the instantaneous vacuum state will be called global, otherwise
only quasi-local. To formulate these states mathematically, we should investigate the
energy-momentum functional and split the spacetime in a 3+1 way with respect to the
hypersurface Σ.
3 The energy-momentum functional
3.1 The 3+1 form of the field equations
Let Σ be a smooth spacelike hypersurface, ta its future pointing unit timelike normal and
define P ab := δ
a
b−tatb, the gab-orthogonal projection to Σ. Then the induced metric and the
extrinsic curvature of Σ are defined, respectively, by hab := P caP
d
b gcd and χab := P
c
aP
d
b∇ctd.
The intrinsic Levi-Civita derivative operator will be denoted by De. The induced volume
3-form (and the orientation) on Σ is defined by the convention εabc := teεeabc, where εabcd
is the spacetime volume 4-form.
Next we decompose the Yang–Mills connection 1-form into its scalar and spatial vector
potential according to ωαa = taφ
α + Aαa , where A
α
a := P
b
aω
α
b ; and define the electric and
magnetic field strengths, respectively, by Eαa := F
α
abt
b and Bαab := F
α
cdP
c
aP
d
b . The latter is
just the field strength of the spatial vector potential: Bαab = DaA
α
b −DbAαa + cαµνAµaAνb .
Let us define Deϕα := Deϕα+Aµe c
α
µνϕ
ν for any ϕα, the spatial gauge covariant deriva-
tive in the pull back of the adjoint vector bundle A(M) to Σ. The spatial gauge co-
variant derivative on the pull back of the Higgs and fermion bundles to Σ will also
be denoted by De. However, while on the Higgs bundle it is the pull back of ∇/e, i.e.
P be∇/bΦi = DeΦi := DeΦi + Aαe T iαjΦj for any cross section Φi of the pulled back Higgs
bundle, on the pulled back fermion bundle P be∇/b deviates from De. The latter is given by
Deψ
r
A := Deψ
r
A+A
α
e T
r
αsψ
s
A, where De is the intrinsic Levi-Civita covariant derivative oper-
ator on the pulled back spinor bundle. The difference of P be∇/b (the ‘Sen type’ connection)
and De is the extrinsic curvature of the hypersurface: P be∇/bψrA = DeψrA + χeAA′tA
′BψrB ,
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where we converted the second index of the extrinsic curvature tensor χea into the pair
AA′ of Weyl spinor indices.
Since the field equations for the Yang–Mills and the Higgs fields are second order,
in the Cauchy problem for them we can choose (Aαa , E
α
a ,Φ
i, ta(∇/aΦi)) as the initial data
set. On the other hand, since the field equations for the Weyl spinor fields are first
order, the initial data set consists only of the spinor field ψrA itself. Therefore, we choose
(Aαa , E
α
a ,Φ
i, ta(∇/aΦi), ψrA) to represent the field configuration of the Standard Model at
the instant defined by Σ. Eαa is essentially the momentum canonically conjugate to A
α
a .
In terms of these variables the projection to Σ of the Bianchi identity for F αcd, and the
contraction of the Yang–Mills equation (2.6) with tb, respectively, yield
D[aB
α
bc]=0, (3.1)
D
aEαa =4π
(
HJ
α
a + WJ
α
a
)
ta. (3.2)
Here HJαa and WJ
α
a are the currents introduced in connection with equation (2.6). (3.1)
is just the Bianchi identity for the spatial vector potential Aαa , while (3.2) is the Gauss
equation, a constraint, in which HJαa t
a and WJαa t
a are the charge densities. Similarly, the
3+1 form of the field equation (2.8) for the Weyl spinor fields is
te
(∇/eψrA) = 2tAB′(DB′BψrB)− 12χψrA + 2Grr
′
tA
A′ψ¯s
′
A′Y¯r′s′iΦ
i. (3.3)
However, to find the 3+1 form of the Higgs and of the remaining part of the Yang–Mills
field equations, we should have a foliation of the spacetime by a family Σt of smooth
spacelike hypersurfaces (rather than to have only a single Σ). Thus, let N denote the
lapse function of the foliation, defined by 1 =: Nta∇at, by means of which the acceleration
of the leaves is ae := tb∇bte = −De lnN . Then the expression of the electric field strength
in terms of the scalar and spatial vector potentials yields
te
(∇eAαb )P ba + φµcαµνAνa = 1NDa
(
Nφα
)−Aαb χba − Eαa ; (3.4)
but there is no evolution equation for φα. The 3+1 form of the remaining part of the
Bianchi identity and of the Yang–Mills field equation, respectively, are
te
(∇/eBαcd)P caP db =Bαaeχeb − Bαbeχea − 1N
(
Da
(
NEαb
)− Db(NEαa )
)
, (3.5)
te
(∇/eEαb )P ba = (χab − χδba)Eαb + 1NDb
(
NBαba
)− 4π(HJαb + WJαb )P ba . (3.6)
Finally,
ta∇/a
(
tb∇/bΦi
)
=−χta(∇/aΦi)− DaDaΦi − 1N
(
DaN
)
DaΦ
i − (µ2 + 2
3
Λ
)
Φi −
−
(
Gij
′
Gj′k′lm +
1
6
κµ2δilGmk′
)
Φ¯k
′
ΦlΦm − iεABψrAψsBYrsj′Gij
′
(3.7)
is the 3+1 form of (2.14).
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3.2 The 3+1 form of the energy-momentum tensor
From (2.17) it is straightforward to calculate the energy density ε := Tabtatb, the momen-
tum density πa := P baTbct
c and the spatial stress σab := P caP
d
b Tcd of the matter fields, seen
by the observers at rest with respect to the hypersurface Σ. Introducing the notation
Πi := te∇/eΦi+ 13χΦi, which, as we will see in subsection 4.1, is essentially the momentum
canonically conjugate to Φ¯i
′
, for the energy density we obtain
ε
(
1− 1
6
κ|Φ|2) = 1
2
GαβE
α
aE
β
b h
ab − 1
4
GαβB
α
abB
β
cdh
achbd + (3.8)
+
1
2
Gij′Π
iΠ¯j
′ − 1
2
Gij′h
ab
(
DaΦ
i
)(
DbΦ¯
j′
)
+
+
1
4
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′
+
1
2
(
µ2 +
1
3
Λ− 1
9
χ2
)|Φ|2 + 1
6
DaD
a
(|Φ|2)−
− i
2
Grr′
(
ψ¯r
′
A′D
A′AψrA − ψrADAA
′
ψ¯r
′
A′
)
+
i
2
(
εABψrAψ
s
BYrsi′Φ¯
i′ − εA′B′ψ¯r′A′ψ¯s
′
B′ Y¯r′s′iΦ
i
)
,
while for the momentum density
πa
(
1− 1
6
κ|Φ|2) = GαβEαb hbcBβca + 12Gij′
(
Πi
(
DaΦ¯
j′
)
+ Π¯j
′
(
DaΦ
i
))− (3.9)
−1
6
Da
(
Gij′Π
iΦ¯j
′
+Gij′Π¯
j′Φi − 2
3
χ|Φ|2
)
+
1
6
(
χa
b − χδba
)
Db
(|Φ|2)+
+
i
4
Grr′t
BB′
(
ψ¯r
′
B′Daψ
r
B − ψrBDaψ¯r
′
B′
)
+
i
2
Grr′
(
ψ¯r
′
B′tB
C′
DC′
CψrC − ψrBtB′CDCC
′
ψ¯rC′
)
P ba .
These are expressions of the initial value of the fields on Σ. Note that in the derivation
of the above form of ε we used no field equation except the Hamiltonian constraint part
of Einstein’s equations, i.e. the first of
(
Rab − 1
2
Rgab
)
tatb = −κε− Λ, (Rbc − 1
2
Rgbc
)
tbP ca = −κπa. (3.10)
On the other hand, in the derivation of πa above we used not only the momentum
constraint, the second of (3.10), but the 3+1 form (3.3) of the field equation for the Weyl
spinor fields, too. Otherwise te(∇/eψrA), appearing in the 3+1 form of (2.17), could not
be expressed by the initial data on Σ. In the present paper we need only the isotropic
pressure P := −1
3
σabh
ab = −1
3
Tabh
ab but not the spatial stress itself. Using the field
equations (3.3) and (3.7), we obtain that 3P = ε− µ2|Φ|2. Thus, if |Φ|2 → 6/κ and ε is
diverging (and hence P also), then the term 1
3
µ2|Φ|2 is less and less significant. Therefore,
when |Φ|2 approaches 6/κ, the ε–P relation is getting to be that in the phenomenological
equation of state of incoherent pure radiation. Nevertheless, this is still not a fluid, as
it has the (also diverging) non-isotropic spatial stress. Moreover, apart from the Yang–
Mills sector for compact gauge groups, neither the Higgs nor the spinor sector of the
energy-momentum tensor satisfy the usual energy conditions.
3.3 The critical points of the energy-momentum functional
We need to know the critical points of the energy-momentum functional with respect to
the matter field variables. As we have already seen, this functional is the sum of a term
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depending only on the gravitational field variables and the energy-momentum functional
of the matter fields, where the latter is
Q[K] :=
∫
Σ
KaTabt
bdΣ =
∫
Σ
(εM + πaM
a)dΣ. (3.11)
Here the 3 + 1 form of the generator vector field is Ka = Mta + Ma. Since in the
(total or quasi-local) energy-momentum of the matter+gravity system it is only Q[K]
that depends on the matter field variables, in the calculation of its variational derivatives
with respect to them it is only Q[K] that matters. The fields M and Ma play the role
only as ‘parameter fields’.
3.3.1 The functional derivatives
Let Aαa (u), E
α
a (u), Φ
i(u), Πi(u) and ψrA(u) be any smooth one-parameter families of field
configurations on Σ. Denoting by δ the derivative with respect to the parameter u at
u = 0 we obtain that
δQ[K] =
∫
Σ
{
DaB
a +
δQ
δAαa
δAαa +
δQ
δEαa
δEαa + (3.12)
+
δQ
δΦi
δΦi +
δQ
δΦ¯i′
δΦ¯i
′
+
δQ
δΠi
δΠi +
δQ
δΠ¯i′
δΠ¯i
′
+
δQ
δψrA
δψrA +
δQ
δψ¯r
′
A′
δψ¯r
′
A′
}
dΣ,
where the functional derivatives themselves are
δQ
δAαa
=
1
1− 1
6
κ|Φ|2
(
M(DcBβcb)h
ba −M4π(HJβb + WJβb )hba + (3.13)
+ M c(DcE
β
b )h
ba −Ma(DbEβb ) +Ma4π(HJβb + WJβb )tb
)
Gβα +
+Db
( M
1− 1
6
κ|Φ|2
)
BβbcGβαh
ca +Dc
( Md
1− 1
6
κ|Φ|2
)(
δcdh
ab − δadhcb
)
EβbGβα,
δQ
δEαa
=
1
1− 1
6
κ|Φ|2
(
MEβb −M cBβcb
)
Gβαh
ba, (3.14)
δQ
δΦi
=
M
1− 1
6
κ|Φ|2
1
2
(
D
a
(
DaΦ¯
j′
)
Gj′i +
1
3
κεΦ¯j
′
Gj′i + (µ
2 +
1
3
Λ− 1
9
χ2)Φ¯j
′
Gj′i +
+ Gijk′l′Φ
jΦ¯k
′
Φ¯l
′ − iεA′B′ψ¯r′A′ψ¯s
′
B′ Y¯r′s′i
)
+
+
1
2
Da
( M
1− 1
6
κ|Φ|2
)
(DaΦ¯
j′)Gj′i +
1
6
DaD
a
( M
1− 1
6
κ|Φ|2
)
Φ¯j
′
Gj′i +
+
1
2
Ma
1− 1
6
κ|Φ|2
( 1
3
κπaΦ¯
j′ − DaΠ¯j′ − 1
3
Db(χ
b
a − χδba)Φ¯j
′
)
Gj′i −
−1
3
Da
( M b
1− 1
6
κ|Φ|2
)(
δab Π¯
j′ +
1
2
(χab − 1
3
χδab )Φ¯
j′
)
Gj′i, (3.15)
δQ
δΠi
=
1
2
1
1− 1
6
κ|Φ|2
(
MΠ¯j
′
+Ma(DaΦ¯
j′)
)
Gj′i +
1
6
Da
( Ma
1− 1
6
κ|Φ|2
)
Φ¯j
′
Gj′i, (3.16)
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δQ
δψrA
=
i
2
M
1− 1
6
κ|Φ|2
(
(DAA
′
ψ¯r
′
A′)Gr′r + 2ε
ABψsBYrsi′Φ¯
i′
)
+
i
2
Da
( M
1− 1
6
κ|Φ|2
)
ψ¯r
′
A′Gr′r −
− i
2
M b
1− 1
6
κ|Φ|2
(
(Dbψ¯
r′
A′)t
A′A − tB′C(DCC′ψ¯r′C′)δAB − tBA′(DA
′Aψ¯r
′
B′)
)
Gr′r +
+
i
2
Da
( M b
1− 1
6
κ|Φ|2
)
tBA′ψ¯
r′
B′Gr′r −
i
4
Db
( M b
1− 1
6
κ|Φ|2
)
ψ¯r
′
A′t
A′AGr′r. (3.17)
The total divergence, DaBa, can also be given explicitly, and the vanishing of its integral
is the condition of the classical functional differentiability of Q[K]. However, in the present
paper we do not need it. We discuss its effect and meaning elsewhere.
3.3.2 The critical configurations
Since the ‘parameter fields’ M and Ma are involved in the functional derivatives, the
critical configurations depend on our choice for them. For example, if the spinor fields
λA and µA in (2.18) solve the Witten equation, DA′AλA = 0 and DA′AµA = 0, then
Mχ + DaM
a = DaKa = 0 holds. An even more restrictive condition could be that M
is constant and Ma divergence-free, like for the translation Killing fields on spacelike
hyperplanes in Minkowski spacetime, or the Killing fields in the FRW and Kantowski–
Sachs examples below. In this subsection we show that the critical configuration for
arbitrary M and Ma is the trivial one in the matter sector; but for constant M and
divergence-free Ma we obtain non-trivial ones in which the Higgs field is non-zero but
spatially constant.
Let us start with equation (3.14) with Ma = 0. The vanishing of δQ/δEαa for any
constant M yields that Eαa = 0. Substituting this back into (3.14) and using that M
a is
(divergence-free, but otherwise) arbitrary, we obtain that the magnetic field strength is
also vanishing, i.e. in the critical configurations
Eαa = 0, B
α
ab = 0. (3.18)
Then by (3.13) the vanishing of δQ/δAαa gives that HJ
α
a + WJ
α
a = 0. In the critical
configurations it follows from (3.16) with Ma = 0 that Πi = 0. Substituting this back
into (3.16), from δQ/δΠi = 0 it follows that
Ma(DaΦ
i) +
1
3
(DaM
a)Φi +
1
18
κΦi
1
1− 1
6
κ|Φ|2M
aDa|Φ|2 = 0. (3.19)
Since DaMa = 0, the second term is vanishing. Contracting the resulting equation with
Φ¯j
′
Gj′i, adding to its own complex conjugate, and assuming that |Φ|2 6= 18/κ, we find
that MaDa|Φ|2 = 0. Substituting this back into the above equation we obtain that Φi
itself is gauge covariantly constant, i.e.
Πi = 0, DaΦ
i = 0. (3.20)
These two together imply that HJαa = 0, and hence that WJ
α
a = 0, too. Note that
for arbitrary Ma, whose divergence is not required to be vanishing, (3.19) implies the
vanishing of the coefficient of DaMa, i.e. Φi = 0, too.
Next, from δQ/δψrA = 0 and (3.17) with M = 0 and divergence-free M
a we obtain
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M b
(
(Dbψ¯
r′
A′)t
A′A − tB′C(DCC′ψ¯r′C′)δAB − tBA′(DA
′Aψ¯r
′
B′)
)
− (DaM b)tA′Bψ¯rB′ = 0. (3.21)
Since at each point MAB
′
and (DAA
′
MBB
′
)tA′B are independent, this implies that
ψrA = 0. (3.22)
With this substitution δQ/δψrA = 0 is already satisfied.
From δQ/δΦi = 0 and (3.15) with M = const and Ma = 0 we obtain
1
3
κεΦ¯j
′
Gj′i +
(
µ2 +
1
3
Λ− 1
9
χ2
)
Φ¯j
′
Gj′i +Gijk′l′Φ
jΦ¯k
′
Φ¯l
′
= 0, (3.23)
whose contraction with Φi (together with (3.8)) yields
(
1− κ
12
|Φ|2
)
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′
+
(
µ2 +
Λ
3
− 1
9
χ2
)|Φ|2 = 0. (3.24)
Using this, (3.23) yields that 4ε = −Gijk′l′ΦiΦjΦ¯k′Φ¯l′ . In particular, forGijk′l′ = λGk′(iGj)l′
(and |Φ| 6= 0) (3.24) reduces to
− 1
12
κλ|Φ|4 + λ|Φ|2 + (µ2 + Λ
3
− 1
9
χ2
)
= 0, (3.25)
whose solution is
|Φ|2 = 6
κ
(
1±
√
1 +
κ
3λ
(µ2 +
1
3
Λ− 1
9
χ2)
)
. (3.26)
Since µ2 + Λ/3 < 0, by (3.26) 0 < |Φ|2 < 12/κ holds. However, the requirement of the
reality of |Φ|2 gives a non-trivial condition on the extrinsic curvature: That cannot be
arbitrarily large: χ2 ≤ χ2c := 9(3λ/κ + µ2 + Λ/3) must hold. This critical value χc of
the mean curvature will play fundamental role in what follows. We discuss this issue in
detail in subsection 3.4.2, and its consequences in subsections 4.2 and 4.3.
Therefore, the critical points of the energy-momentum functional (with constant M
and divergence-free Ma) are those matter field configurations which satisfy (3.18), (3.20),
(3.22) and (3.23); i.e. this is a state of the conformally coupled Einstein–Higgs system
with spatially gauge-covariantly constant Higgs field. By Eαa = 0 and HJ
α
a + WJ
α
a = 0
the only constraint for the matter fields, equation (3.2), is already satisfied. Since we
assumed that the locally flat gauge potentials can be transformed to zero even globally,
the Higgs field is spatially constant: DeΦi = 0. Note that, apart from the mean curvature
term and the ± sign, (3.26) is exactly the equation (2.23) for the spacetime vacuum states
of subsection 2.6.1.
Since DaΦi = 0, by (3.24) the mean curvature χ must be constant on Σ. Hence, the
momentum density is vanishing: πa = 0. Then by (3.15) from δQ/δΦi = 0 with M = 0 it
follows that
Da
(
χab − χδab
)
M b + (DaM
b)
(
χab − 1
3
χδab
)
= 0.
However, this yields that the extrinsic curvature is a constant pure trace, i.e.
χab =
1
3
χhab, χ = χ(t). (3.27)
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Then the momentum constraint of general relativity, i.e. the second of (3.10) given in
terms of the three-dimensional quantities by Db(χba − χδba) = κπa, is already satisfied.
Finally, let us take into account the explicit form 1
2
(R + χ2 − χabχab) = κε + Λ of the
Hamiltonian constraint part of Einstein’s equations, the first of (3.10). (Here R is the
curvature scalar of the intrinsic 3-geometry of Σ.) By (3.23) this yields that
1
2
R = Λ− 1
3
χ2 − κ
4
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′
=
1
1− κ
12
|Φ|2
(
Λ +
κ
4
µ2|Φ|2 − 1
3
χ2
)
, (3.28)
where, in the second equality, we used (3.24), too. Thus, the spatial curvature scalar is
constant on Σ. Moreover, with the parameters of the Weinberg–Salam model, the first
two terms together in the brackets on the right of (3.28) is negative for χ2 ≤ χ2c (see
(3.26)). Hence, with the Weinberg–Salam parameters, in the critical configurations the
curvature scalar of the spatial 3-metric is negative.
Therefore, to summarize, the critical points of the energy-momentum functional with
respect to the matter fields (with constant M and divergence-free Ma) that also solve
the constraints are those states, in which the only non-zero matter field is a constant
Higgs field satisfying (3.23), and the state of the gravitational ‘field’ is specified by a
3-metric with constant curvature scalar given by (3.28) and the extrinsic curvature is a
pure constant trace. The only freely specifiable fields are χ, which is in fact an extrinsic
time (the so-called York time) parameter and which fixes both |Φ|2 and the curvature
scalar R, and the 3-metric up to the constraint (3.28). The energy density in these states
is ε = −1
4
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′
, and, with the parameters of the Weinberg–Salam model, the
spatial curvature scalar is negative.
Finally, considering these critical configurations as a 1-parameter family of physical
states (parametrized by the label t of the hypersurface Σt), and substituting this into
(3.7) and the evolution part of Einstein’s equations,
(£tχcd)P
c
aP
d
b = −Rab + 2χacχcb − χχab + Λhab + κ
(−σab − 3
2
Phab +
1
2
εhab
)
, (3.29)
we obtain that Φi = 0. (Here £t denotes Lie derivative along the timelike normal ta of the
leaves Σt of the foliation and Rab is the Ricci tensor of the intrinsic 3-metric.) Therefore,
the 1-parameter family of critical configurations does not solve the evolution equations
unless Φi = 0 even though they are physical states, i.e. solve the constraint equations on
every Σt.
3.4 Example: Configurations with FRW symmetries
The critical configurations of the energy-momentum functional is reminiscent of that
in the Friedman–Robertson–Walker (FRW) spacetimes: The spatial distribution of the
matter fields is homogeneous and isotropic, the extrinsic curvature is a spatially constant
pure trace and the curvature scalar of the hypersurface is also constant. Thus, almost
the whole FRW symmetries have been recovered in the critical configurations. The only
difference between the exact FRW-symmetric and the critical configurations is that in
the latter the spatial 3-metric is not necessarily homogeneous and isotropic. Therefore,
it could be worth discussing the EccSM system with the FRW symmetries in detail.
Although the extremal configurations with the FRW symmetries can be obtained by
evaluating the general results of subsection 3.3.2, it could be instructive to determine
them directly from (3.8) by elementary methods.
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3.4.1 The matter fields with the FRW symmetries
Let Σt := {t = const} be the foliation of the spacetime with the FRW symmetries by
the transitivity surfaces of the isometries, where t is the proper time coordinate along
the integral curves of the future pointing unit normals of the hypersurfaces Σt (see e.g.
[21, 23]). Thus the lapse is N = 1. Let S = S(t) be the (strictly positive) scale function
for which the induced metric on Σt is hab = S21hab, where 1hab is the standard negative
definite metric on the unit 3-sphere, the flat 3-space and the unit hyperboloidal 3-space,
respectively, for k = 1, 0,−1. The extrinsic curvature of the hypersurfaces is χab =
1habSS˙, where overdot denotes derivative with respect to t, and hence its trace is χ =
3S˙/S. The curvature scalar of the intrinsic 3-metric is R = 6k/S2. In the initial value
formulation of Einstein’s theory the initial data are hab and χab, and hence in the present
case S and S˙, restricted by the first of the constraints (3.10).
Let us suppose that the fields of the matter sector of the EccSM system admit the
isometries of the spacetime as symmetries. Then, by the argument similar to that in
subsection 2.6.1, it follows that Eαa , B
α
ab and ψ
r
A are all vanishing and Φ
i and Πi are
constant on the hypersurfaces Σt. (We assume that the locally flat Yang–Mills connection
is globally flat, too, and hence by an appropriate gauge transformation φα = 0 and Aαa = 0
can be achieved even globally.) These yield that WJαa = 0, πa = 0 and that σab is pure
trace; and, by the Gauss equation (3.2), also that HJαa = 0. Thus, the EccSM system
restricted by the FRW symmetries reduces to the Einstein–conformally coupled Higgs
(EccH) system. For the sake of simplicity, we also assume that the Higgs self-interaction
coefficient is Gijk′l′ = λGk′(iGj)l′.
For the metric with FRW symmetries Einstein’s equations are well known [21, 23] to
reduce to
3
( S˙
S
)2
= Λ + κε− 3 k
S2
, 3
S¨
S
= Λ− 1
2
κ
(
ε+ 3P
)
. (3.30)
The first of these is just the Hamiltonian constraint, the first of (3.10), while the second
is the evolution equation (3.29). The field equation (3.7) for the Higgs field is
Φ¨i + χΦ˙i = −(µ2 + 2
3
Λ
)
Φi − (λ+ 1
6
κµ2
)|Φ|2Φi. (3.31)
The initial data for the evolution equations is the quadruplet (Φi, S; Φ˙i, S˙), or, equiva-
lently, (Φi, S; Πi, χ), subject to the constraint part of (3.30). The isotropic pressure is
P = 1
3
ε − 1
3
µ2|Φ|2, and hence in the |Φ|2 → 6/κ limit when ε diverges the ε–P rela-
tion tends to the phenomenological equation of state of a null fluid of incoherent pure
radiation. We discuss the properties of the energy density ε in the next subsection.
3.4.2 The energy density
Introducing the notation |Π|2 := Gij′ΠiΠ¯j′, in the presence of FRW symmetries the energy
density (3.8) reduces to
ε =
1
2
1
1− 1
6
κ|Φ|2
(
|Π|2 + (µ2 + 1
3
Λ− 1
9
χ2
)|Φ|2 + 1
2
λ|Φ|4
)
. (3.32)
This depends on Φi, Φ˙i, S and S˙ only through the positive definite norms |Φ|2, |Π|2 and
χ2. Hence, ε is, in fact, an even function of three variables. Therefore, all the properties
of ε = ε(Φi,Πi, χ) can be determined from the special case when the Higgs field is a single
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real scalar field with the gauge group Z2 acting on Φ as Φ 7→ −Φ. Moreover, since, for
given Φ and χ, the energy density is a simple quadratic function of Π, all the qualitative
properties of ε can be determined easily from the special case when Π is kept fixed, e.g.
Π = 0. Thus, first we consider ε as a function of Φ and χ with Π = 0,
ε(Φ, 0, χ) =
1
18
(
χ2c − χ2
) Φ2
1− 1
6
κΦ2
− 3λ
2κ
Φ2, (3.33)
where χ2c := 9(
3λ
κ
+ µ2 + 1
3
Λ) is the critical mean curvature; and we discuss the general
case at the end of this subsection.
Clearly, in addition to the trivial zero of ε at Φ = 0, it has nontrivial ones at
Φ20 = −
2
λ
(
µ2 +
1
3
Λ− 1
9
χ2
)
=
6
κ
− 2
9
λ
(
χ2c − χ2
)
. (3.34)
Since with the value of µ2 in the Standard Model and the value of the observed cosmo-
logical constant µ2+Λ/3 < 0 holds, the right hand side is positive. However, for χ2 = χ2c
the energy density ε(Φ, 0, χc) is not vanishing at Φ2 = 6/κ; it has only the trivial zero
Φ = 0. Hence, ε has non-trivial zeros for any χ2 6= χ2c . Since
∂ε
∂Φ
=
Φ
(1− 1
6
κΦ2)2
(
− 1
12
κλΦ4 + λΦ2 +
(
µ2 +
1
3
Λ− 1
9
χ2
))
, (3.35)
the trivial zero is always an extremal point of ε for any χ. At the non-trivial zeros this is
( ∂ε
∂Φ
)
0
=
λ
2
Φ30
(1− 1
6
κΦ20)
=
9λ2
2κ
Φ30
χ2c − χ2
.
Therefore, if χ2 < χ2c , then ε is increasing at the nontrivial zero Φ0 > 0 (and decreasing
at −Φ0); and if χ2 > χ2c , then ε is decreasing at Φ0 > 0 (and increasing at −Φ0). In the
former case Φ20 < 6/κ, but in the latter Φ
2
0 > 6/κ.
In addition to the Φ = 0 trivial extremal point, ε also has non-trivial ones. By (3.35)
they are given by
Φ2± =
6
κ
(
1±
√
1 +
κ
3λ
(
µ2 +
1
3
Λ− 1
9
χ2
))
. (3.36)
Since Φ2 should be real,
1
9
χ2 ≤ 1
9
χ2c :=
3λ
κ
+ µ2 +
1
3
Λ (3.37)
must hold. Clearly, Φ2+ ≥ 6/κ, and Φ2− ≤ 6/κ; and Φ2± = 6/κ when the equality holds
in (3.37). Since Φ2± must be positive, in the latter case µ
2 + Λ/3 < 1
9
χ2 must also hold.
However, as we already mentioned in connection with the non-trivial zeros, this condition
is satisfied with the known value of µ2 and Λ. The extremal value of the energy density
is ε(Φ±, 0, χ) = −14λΦ4±.
The second derivative of ε at the trivial zero/critical point Φ = 0 is
( ∂2ε
∂Φ2
)
0
= µ2 +
1
3
Λ− 1
9
χ2 < 0;
i.e. Φ = 0 is always a local maximum of the energy density. (If µ2 + Λ/3 > 0 held,
then Φ = 0 could be a local minimum for small enough χ2.) On the other hand, at the
non-trivial critical points
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( ∂2ε
∂Φ2
)
±
=
2λΦ2±
1− 1
6
κΦ2±
, (3.38)
which is positive for Φ− > 0, but it is negative for Φ+ > 0. Therefore, Φ− (and −Φ−
also) is a local minimum, while Φ+ (and −Φ+, too) is a local maximum of ε.
χ<χc
ε(Φ)
Φ
−√6/κ √6/ κ
Φ
−
−Φ
−
Φ+−Φ+
−9λ/κ2
Figure 1: The energy density ε as a function of Φ with Π = 0 and given χ2 < χ2c . ε(Φ)
has the ‘wine bottle’ (rather than the ‘Mexican hat’) shape, in particular it has minima
at ±Φ−, only in the domain Φ2 < 6/κ. The critical points ±Φ+ are maxima of ε. If
χ→ χc, then Φ0,Φ± →
√
6/κ and ε(Φ±)→ −9λ/κ2, where ±Φ0 are the two non-trivial
zeros.
Summarizing the above results, we can give a qualitative picture on the behaviour of
ε as a function of Φ for Π = 0 and for given χ: First, suppose that χ2 < χ2c . Then, in the
domain Φ < −√6/κ, the energy density ε is increasing from −∞ to the local maximum
−1
4
λΦ4+ at −Φ+, and then it is decreasing and tends to −∞ as Φ → −
√
6/κ. In the
domain −√6/κ < Φ <√6/κ, the energy density is decreasing from +∞, at −Φ0 it has
a zero, and it is decreasing further until −Φ−, where it takes its local minimum. Then
it is increasing, takes its local maximum at Φ = 0, and then it is decreasing until the
other local minimum at Φ−. Then, it is increasing again, taking the zero value at Φ0,
and tends to +∞ as Φ→ √6/κ. Therefore, in this domain at fixed χ, the graph of the
function ε = ε(Φ, 0, χ) has the ‘wine bottle’ shape, i.e. it is like a ‘Mexican hat’, but the
‘brim’ of this ‘hat’ does not extend beyond Φ = ±√6/κ. In the domain √6/κ < Φ, ε
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is increasing from −∞ to its local maximum at Φ+, and then decreasing back to −∞ as
Φ→∞. The energy density has infinite discontinuities at ∓√6/κ.
If we increase χ2 to tend to χ2c , then the local maximum in the domain Φ < −
√
6/κ
and maximal value, and the local minimum in the domain −√6/κ < Φ < 0 and the
corresponding minimal value tend, respectively, to −
√
6/κ and −9λ/κ2. Similarly, the
local maximum in Φ >
√
6/κ and maximal value, and the local minimum in 0 < Φ <√
6/κ and the minimal value tend, respectively, to
√
6/κ and −9λ/κ2. (Fig. 1)
If χ2 = χ2c , then ε(Φ, 0, χc) = −32 λκΦ2. Hence, along the χ2 = χ2c line, the energy
density and its derivatives are finite even at Φ = ±√6/κ and changes smoothly and
monotonically across Φ2 = 6/κ. (Fig. 2)
χ=χc
ε(Φ)
Φ
−√6/κ √6/ κ
−9 λ/κ2
Figure 2: The energy density ε as a function of Φ with Π = 0 and χ2 = χ2c . ε(Φ) is not
bounded from below.
Finally, suppose that χ2 > χ2c . Then, in the domain Φ < −
√
6/κ, ε is increasing
from −∞, takes the zero value at −Φ0, and it is increasing further and tends to +∞ as
Φ→ −√6/κ. In the domain −√6/κ < Φ <√6/κ, the energy density is increasing from
−∞, it takes its local maximum at Φ = 0, and then it is decreasing and tends to −∞ as
Φ →
√
6/κ. Thus, the graph of the function ε = ε(Φ, 0, χ) in this domain is a ‘simple
hat’, whose ‘brim’ does not bend ‘upwards’ and does not extend beyond Φ = ±√6/κ.
Finally, in the domain Φ >
√
6/κ, ε is decreasing from +∞ to −∞ and between these,
at Φ0, it takes zero. The energy density has infinite discontinuities at ∓
√
6/κ. If we
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decrease χ2 to tend to χ2c , then the zeros ±Φ0 tend, respectively, to ±
√
6/κ. (Fig. 3)
χ>χc
Φo−Φo
ε(Φ)
Φ
−√6/κ √6/κ
Figure 3: The energy density ε as a function of Φ with Π = 0 and given χ2 > χ2c . ε(Φ)
is not bounded from below. If χ→ χc, then Φ0 →
√
6/κ.
The three disconnected parts of the graph of the function ε = ε(Φ, 0, χ) in the χ2 < χ2c
regime join smoothly to the corresponding parts in the χ2 > χ2c regime, and, apart from
the exceptional points at (Φ, χ2) = (±
√
6/κ, χ2c), they form three disconnected leaves.
However, the ‘asymptotic ends’ of any of these leaves near the Φ = ±√6/κ singularities
behave oppositely in the two regimes. For example, the ‘wine bottle’ of the χ2 < χ2c
regime is continued in the ‘simple hat’ of the χ2 > χ2c regime such that near the singularity
Φ = −
√
6/κ the resulting leaf tends to −∞ for χ2 > χ2c , but it tends to +∞ for χ2 < χ2c .
Therefore, the Φ, χ2–(half) plane is naturally split into six domains by the χ2 = χ2c
and Φ = ±√6/κ lines, and it is only the domain −√6/κ < Φ < √6/κ, χ2 < χ2c
where ε has finite local minima. For fixed χ2 these minima are global, but the corre-
sponding minimal value, −1
4
λΦ4−, is decreasing and tends to the finite value −9λ/κ2 as
χ2 → χ2c (or, equivalently, as Φ2− → 6/κ). However, in this limit the second derivative
(∂2ε/∂Φ2)−, given by (3.38), tends to +∞. On the other hand, as we saw above, if we
consider the limit Φ→ −√6/κ along the line χ2 = χ2c , then ε still tends to −9λ/κ2, but
(∂2ε/∂Φ2) → −3λ/κ. Hence, there are special configurations with |Φ|2 = 6/κ in which
the energy-momentum tensor (2.17) is finite, but its derivatives are not; indicating that
these configurations are probably unstable. Nevertheless, these provide the only ‘bridge’
between the Φ2 > 6/κ and Φ2 < 6/κ parts of the phase space.
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Since, for given χ, (∂ε/∂Π) = 0 implies Π = 0, the extremal points of ε(Φ,Π, χ) with
respect to Φ and Π are just the extremal points of ε(Φ, 0, χ) with respect to Φ. On the
other hand, for Π 6= 0 the domain of positivity of ε changes: On the Φ, χ2–(half) plane
this domain is ‘wider’ for Π2 > 0 than for Π2 = 0, and, in particular, ε is positive on
a strip with the Φ = 0 center-line. In fact, for given χ2, in the Φ,Π2-(half) plane the
domain on which ε is non-positive is
Π2 +
(√λ
2
Φ2 +
√
1
2λ
(
µ2 +
1
3
Λ− 1
9
χ2
))2 ≤ 1
2λ
(
µ2 +
1
3
Λ− 1
9
χ2
)2
.
For given χ2 this domain is compact, but since the right hand side of this expression is
never zero, this domain is not compact in the χ2–direction. Also, if Π 6= 0, then the locus
of the ‘bridge’ between the Φ2 > 6/κ and Φ2 < 6/κ parts of the phase space changes: It
is given by the two hyperbolas χ2 − 3
2
κΠ2 = χ2c in the Φ = ±
√
6/κ, S = const 2-planes
in the phase space. For a more detailed discussion of the behaviour of ε see [10].
3.4.3 The static solution
It is an easy exercise to check that the equations (3.30)-(3.32) formally admit a static
solution, which is just the Minkowski spacetime, but yield a condition for the numerical
value of the constants λ, µ2, Λ and κ that is not satisfied in the observed Universe. In fact,
Φi = 0 solves (3.31) and yields Πi = 0, and hence ε = 0 and P = 0. Then, by the second
of (3.30), Λ = 0 follows, which, by the first of (3.30), yields that k = 0. Similarly, if Φi is a
non-zero static solution of (3.31), then Πi = −χΦi/3 and |Φ|2 = −(µ2+2Λ/3)/(λ+κµ2/6).
Substituting these into (3.32) and using the second of (3.30) we find that
|Φ|2 = −µ
2
λ
, ε = −Λ
κ
= −1
4
λ|Φ|4.
For λ > 0 these imply that µ2 < 0 and Λ > 0 must hold. Finally, by the first of (3.30)
k = 0 follows. It might be worth noting that this non-trivial static state of the Higgs field
is precisely the symmetry breaking vacuum state that we saw in the Weinberg–Salam
model, but clearly this is not a critical point of the energy density (3.32). In this static
solution it would be a large positive value of the cosmological constant that compensates
the large negative energy density of the Higgs vacuum. On the other hand, although the
observed cosmological constant is strictly positive, but it is much-much smaller than that
would follow from the Weinberg–Salam model via these expressions. In fact, in traditional
units the energy density in the vacuum state would be εv = −2.2 × 1046erg/cm3, while
that corresponding to the observed cosmological constant is εΛ = 4.7 × 10−11erg/cm3.
Thus, this static solution cannot be expected to give a reliable model of the observed
Universe. That should be dynamical.
3.5 Example: Configurations with Kantowski–Sachs symmetries
In the present subsection we determine a class of field configurations that admit the
isometries of the Kantowski–Sachs metrics as symmetries in which the (global or quasi-
local) instantaneous vacuum states should be searched for. Since the number of spacetime
symmetries is less than the maximal one, the Kantowski–Sachs case is technically more
complicated than the FRW case. In subsection 3.5.1, we determine the matter field
configurations that admit the Kantowski–Sachs symmetries, and then, in subsection 3.5.2,
those with minimal energy density.
31
3.5.1 Matter fields with Kantowski–Sachs symmetries
Let us consider spacetimes with the Kantowski–Sachs line element ds2 = dt2 −X2dr2 −
Y 2dΩ2, where X = X(t) and Y = Y (t) are positive functions and dΩ2 denotes the line
element on the unit 2-sphere (see e.g. [24, 25]). For example the line element inside
the Schwarzschild black hole belongs to the Kantowski–Sachs class (see e.g. appendix
B in [21]). These metrics admit four spacelike Killing vectors, the three familiar ones
Ka1 , K
a
2 and K
a
3 for the spherical symmetry with transitivity surfaces t = const, r =
const; and the fourth is Ka4 = (∂/∂r)
a, which commutes with the previous three. Let
va := X−1Ka4 , the unit normal of the transitivity surfaces of the spherical symmetry in
the Σt := {t = const} hypersurfaces. The extrinsic curvature of these hypersurfaces is
χab = −X˙X−1vavb + Y˙ Y −1qab, where qab is the induced (negative definite) metric on the
t = const, r = const 2-spheres and over-dot denotes derivative with respect to t. Note that
χ = χ(t), i.e. the mean curvature of the leaves Σt is spatially constant. In the coordinates
(r, θ, φ) the only nonzero component of the curvature tensor of the intrinsic geometry of
the hypersurfaces is R23cd = − sin2 θ(δ2c δ3d−δ2dδ3c ); and hence the corresponding curvature
scalar is R = 2/Y 2 > 0. A direct calculation shows that Da(χab − χδab ) = 0.
Recall that in field theory the vacuum states are defined to be those field configurations
that (i.) do not break the spacetime symmetries and (ii.) minimize the energy functional.
In particular, by the first requirement (a.) no state that can be a potential (instantaneous)
vacuum state can specify any direction different from va; and (b.) any such state must
be invariant (in some suitable sense) under the action of the spacetime symmetries. By
(a.) the field strengths Eαa and B
α
ab, the Higgs field Φ
i and a spinor multiplet ψrA in any
particular vacuum state must be such that Eαa = E
αva, Bαab = B
αεab, DaΦi = ϕiva and
ψrA = ψ
rεA, where Eα, Bα, ϕi and ψr are gauge covariant vector and spatial scalar fields,
εab is the area 2-form on the t = const, r = const 2-surfaces and εA is one of the vectors
of the normalized spinor dyad {oA, ιA} adapted to the t = const, r = const 2-surfaces (in
the sense that
√
2ta = oAo¯A′ + ιAι¯A′ and
√
2va = oAo¯A′ − ιA ι¯A′). (To see that any spinor
field of the spinor multiplet ψrA in the vacuum state must be proportional to either oA or
ιA, it is enough to recall that the projections P baoBo¯B′ and P
b
a ιB ι¯B′ are proportional to va,
but for any nontrivial combination ψA = −ψ0ιA + ψ1oA the projection P baψBψ¯B′ is not.)
To formulate mathematically part (b.) of requirement (i.), let us recall how the
spacetime symmetries are implemented in gauge theories (see [26]): In the actual system
the state represented by a field configuration is said to be symmetric if for each Killing
vector Ka there exists a Lie algebra valued function λαgα such that
£KE
α
a = λ
µcαµνE
ν
a , £KB
α
ab = λ
µcαµνB
ν
ab,
£KΦ
i = λµT iµjΦ
j, £KΠ
i = λµT iµjΠ
j, £Kψ
r
A = λ
µT rµsψ
s
A; (3.39)
i.e. it is required that the Lie dragging of the fields along the integral curves of the
Killing vectors could always be compensated by an appropriate gauge transformation.
Here £K denotes Lie derivative along Ka, and actually the structure constants cαµν play
the role of the representation matrices of the Lie algebra in the adjoint representation.
Note that although the Lie derivative of a Weyl spinor field along a general vector field
is not canonically defined, it is well defined if Ka is a (conformal) Killing vector [27].
However, if a given field configuration is intended to represent a vacuum state, then it
reduces the gauge group to the identity (symmetric vacuum) or to a non-trivial, smaller
gauge group (symmetry breaking vacuum). In the latter case this subgroup is just the
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stabilizer subgroup Gv ⊂ G of the vacuum state, and the Lie algebra valued function
λα in the criteria (3.39) should be restricted to take its values in the Lie algebra of the
reduced gauge group Gv. But then, just by the definition of Gv, the right hand sides
of equations in (3.39) are all vanishing for such restricted Lie algebra valued functions.
Thus
£KE
α
a = 0, £KB
α
ab = 0, £KΦ
i = 0, £KΠ
i = 0, £Kψ
r
A = 0 (3.40)
must hold for the fields in the vacuum states for any Killing vector Ka. Solving the first
four of these equations is a straightforward exercise, and probably the simplest way of
solving the fifth of these is based on the following observation: If the rotation Killing
vectors are given explicitly by
Ka1 = − sinφ(
∂
∂θ
)a−cot θ cosφ( ∂
∂φ
)a, Ka2 = cosφ(
∂
∂θ
)a−cot θ sin φ( ∂
∂φ
)a, Ka3 = (
∂
∂φ
)a,
then the Lie derivative of the vectors of the normalized spin frame {oA, ιA} is
£KloA = −
i
2
YloA, £KlιA =
i
2
YlιA, l = 1, 2, 3, 4;
where Yl = (sin θ sinφ, sin θ cosφ, cos θ, 0). (For the explicit form of the Lie derivative of
spinors in terms of their covariant derivative and the Killing field, see [27].) Then, writing
ψrA = ψ
roA or ψrιA (just according to the second paragraph of the present subsection)
and substituting this into the fifth of (3.40), we find that ψr = 0. Thus, the vacuum states
of the EccSM system should be among the states represented by the field configurations
of the form:
Eαa = E
α(t)va, B
α
ab = B
α(t)εab, Φ
i = Φi(t), Πi = Πi(t), ψrA = 0. (3.41)
This structure of the magnetic field strength makes it possible to find a gauge in which Aαa
is also aligned with the spacetime symmetries. In fact, in the coordinate system (t, r, θ, φ)
the expression of the magnetic field strength Bαab = ∂aA
α
b − ∂bAαa + cαµνAµaAνb , together
with
√|q| = Y 2(t) sin θ, yields
∂rA
α
θ − ∂θAαr + cαµνAµrAνθ = 0,
∂rA
α
φ − ∂φAαr + cαµνAµrAνφ = 0,
∂θA
α
φ − ∂φAαθ + cαµνAµθAνφ = BαY 2 sin θ.
The third of these equations decouples from the first two, and does not depend on r. Hence
it can be solved for Aαθ and A
α
φ, and the solution can be chosen to be independent of r.
(Their t-dependence cannot be chosen arbitrarily, that is determined by the evolution
equations.) Then the first two of these equations form a system of partial differential
equations for Aαr , whose integrability condition (using the third of these equations) is
just cαµνB
µAνr = 0. Hence, by ∂rA
α
θ = ∂rA
α
φ = 0, there is a gauge in which v
aAαa = 0
holds.
Finally, by the result for the form of DaΦi (obtained in the second paragraph above)
and the third of (3.41) we have that vaϕi = DaΦi = AαaT
i
αjΦ
j. This implies, first, that the
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components Aαθ and A
α
φ of the spatial vector potential take their values in the Lie algebra
of the reduced gauge group Gv; and, second, that ϕi = 0 by Aαr = 0, i.e.
DaΦ
i = 0. (3.42)
We search the instantaneous vacuum states among the field configurations satisfying
(3.41)-(3.42), and we specify them in the next sections, where we evaluate requirement
(ii.) above, too.
3.5.2 The minimal energy configurations
In the special field configurations (3.41)-(3.42), the energy density ε of the matter fields
(with the specific self-interaction term of the Weinberg–Salam model) reduces to
ε =
1
1− 1
6
κ|Φ|2
(
−1
2
Gαβ
(
EαEβ +BαBβ
)
+
1
2
|Π|2 + 1
2
(
µ2 +
1
3
Λ− 1
9
χ2
)|Φ|2 + 1
4
λ|Φ|4
)
,
(3.43)
while the momentum density πa is zero. Thus, the matter sector of the (total or quasi-
local) energy-momentum functional in these special configurations is simply the hyper-
surface integral of the (spatially constant) ε. Hence, to find the instantaneous vacuum
states, we should determine the local minima of ε.
The structure of ε = ε(Eα, Bα,Φi,Πi;χ) is exactly the same that of ε = ε(Φi,Πi;χ)
in the FRW case. Thus, they have the same qualitative properties that ε = ε(Φ, 0;χ) has
for a single real scalar field Φ. In particular, the critical points of ε = ε(Eα, Bα,Φi,Πi;χ)
with respect to the matter field variables are at Eα = 0, Bα = 0, Πi = 0 and Φi solving
(3.25). Its solutions have the pointwise norm (3.36), just like in the FRW case, whose
reality is ensured precisely by the bound (3.37) for the mean curvature. It is only ±Φ−
that represents local minima of the energy density.
4 The EccSM system with instantaneous vacuum states
4.1 The 3+1 form of the Lagrangian
Let the foliation Σt of the spacetime be fixed, let N be its lapse, and consider the so-called
evolution vector field ξa = Nta+Na, where Na, the shift part of ξa, is tangent to Σt. The
3+1 form of the spacetime volume element is dv = NdΣdt, where, in a local coordinate
system (x1, x2, x3) on Σt, the hypersurface volume element is dΣ =
√|h|d3x. The time
derivative of a spatial tensor field, say T a...b... , is defined by T˙
a...
b... := (£ξT
c...
d... )P
a
c · · ·P db · · · .
Thus, the Lagrangian variables in the Yang–Mills–Higgs sector are φα, φ˙α, Aαa , A˙
α
a , Φ
i and
Φ˙i. Since, however, the Lie derivative of a spinor field along a general vector field is not
canonically defined, for the Lagrangian spinor field variables we choose the components
ψrA of the spinor field ψ
r
A and their time derivative ψ˙
r
A , where the spinor components are
defined with respect to some fixed normalized dual spinor basis {εAA , εAA } by ψrA =: ψrA εAA .
Clearly, the form of the Lagrangian LI and the potential V remains the same in their
3+1 form, and it is straightforward to find the 3+1 form of LYM and LW . The former is
LYM = 1
2
GαβE
α
aE
β
b h
ab +
1
4
GαβB
α
acB
β
bdh
abhcd, (4.1)
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where by (3.4) the electric field strength is Eαa =
1
N
(Da(Nφ
α) + Aµac
α
µνNφ
ν − A˙αa +
£NA
α
a ) and the magnetic field strength is expressed by the spatial vector potential and
its derivative; and the latter is
LW = i
2N
Grr′t
AA′
(
ψ¯r
′
A′ε
A
A
(
ψ˙rA −N eDeψrA −NteΓBeAψrB
)−
− ψrAε¯A
′
A′
( ˙¯ψr′A ′ −N eDeψ¯r′A ′ −NteΓ¯B ′eA ′ψ¯r′B ′)
)
+ (4.2)
+
i
2
Grr′t
AA′φα
(
T rαsψ
s
Aψ¯
r′
A′ − T¯ r
′
αs′ψ¯
s′
A′ψ
r
A
)
+
i
2
Grr′h
ab
(
ψ¯r
′
A′Dbψ
r
A − ψrADbψ¯r
′
A′
)
,
where ΓAeB := ε
A
A∇eεAB , and note that the spatial vector potential Aαa is involved in
De. Thus, if we introduce the ‘mechanical’ Lagrangians LYM :=
∫
Σ
LYMN
√|h|d3x and
LW :=
∫
Σ
LWN
√|h|d3x, then for the canonical momenta we obtain
δLYM
δA˙αa
= −GαβEβb hba,
δLW
δψ˙rA
=
i
2
Grr′ψ¯
r′
A′t
A′Aε
A
A .
Thus, as we claimed, Eαa is essentially the momentum conjugate to A
α
a , while the mo-
mentum conjugate to φα is zero. The momentum conjugate to the spinor multiplet is
just its own complex conjugate, in accordance with the fact that the field equations for
the spinor fields are only first order.
On the other hand, because of the term 1
12
R|Φ|2 in LH , finding the most convenient
3+1 form of the Higgs Lagrangian is slightly more complicated. It is known [28] that the
spacetime curvature scalar can be decomposed as
R = R+ χabχab − χ2 + 2
N
√|h|
d
dt
(
χ
√
|h|)+ 2
N
Da
(
DaN − χNa),
where R is the curvature scalar of the intrinsic geometry of the hypersurface; by means
of which
R|Φ|2= (R+ χabχab − χ2)|Φ|2 − 2
N
χ
(
Φ˙iGij′Φ¯
j′ + ΦiGij′
˙¯Φj
′
)− 2
N
(
DaN − χNa)Da|Φ|2
+
2
N
√|h|
d
dt
(
χ|Φ|2
√
|h|)+ 2
N
Da
(
(DaN − χNa)|Φ|2).
Thus, in the 3+1 form of the Higgs Lagrangian, it seems natural to drop the last two
terms, which, after integration, would give a total time derivative and the integral of
a total spatial divergence, respectively. Hence, we choose the 3+1 form of the Higgs
Lagrangian to be
LˆH : = 1
2
Gij′t
a
(∇/aΦi)tb(∇/bΦ¯j′)+ 12Gij′hab
(
DaΦ
i + AαaT
i
αkΦ
k
)(
DbΦ¯
j′ + Aβb T¯
j′
βl′Φ¯
l′
)−
− 1
4
Gijk′l′Φ
iΦjΦ¯k
′
Φ¯l
′ − 1
12
(R+ χabχab − χ2)Gij′ΦiΦ¯j′ +
+
1
6
1
N
χGij′
(
Φ˙iΦ¯j
′
+ Φi ˙¯Φj
′
)
+
1
6
1
N
(
DaN − χNa)Da|Φ|2, (4.3)
where
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ta∇/aΦi =
1
N
(
Φ˙i +NφαT iαkΦ
j −NaDaΦi
)
. (4.4)
The canonical momentum conjugate to Φi, calculated from the ‘mechanical’ Lagrangian
LˆH :=
∫
Σ
LˆHN
√|h|d3x, is
δLˆH
δΦ˙i
=
1
2
Gij′
(
ta∇/aΦ¯j
′
+
1
3
χΦ¯j
′
)
=
1
2
Gij′Π¯
j′ . (4.5)
Therefore, Πi = ta∇/aΦi + 13χΦi is, in fact, essentially the canonical momentum conjugate
to Φ¯i
′
, as we claimed in subsection 3.2.
4.2 The instantaneous vacuum states
4.2.1 The definition of the instantaneous vacuum states
We search for the instantaneous vacuum states among the critical points of Q[K]. In these
states the gauge fields and the spinor fields are vanishing, and the Higgs field Φiv is such
that DeΦiv = 0, it solves (3.23), and its canonical momentum is zero: Π
i
v = 0. By (4.4)
the last condition is equivalent to
1
N
Φ˙iv =
1
N
(
Φ˙iv −NaDaΦiv
)
= te(∇eΦiv) = te(∇/eΦiv) = Πiv −
1
3
χΦiv = −
1
3
χΦiv. (4.6)
Here we used also that the scalar and spatial vector potentials, φα and Aαa , can be chosen
to be vanishing even globally.
At the end of subsection 3.3.2 we saw that the 1-parameter family of these states does
not solve all of the field equations. Nevertheless, we want these instantaneous states to be
physical states, thus they are required to solve the constraint parts of the field equations.
Thus, an instantaneous vacuum state is represented not only by a special configuration
of the matter fields alone, but by such a configuration of the matter fields and the initial
data set for Einstein’s equations. As we saw, in the gravitational part of such a data
both the mean curvature and the intrinsic curvature scalar must be constant.
Moreover, if the spacetime admits some geometric symmetry, then it seems natural to
require that the instantaneous vacuum states be represented by field configurations with
the same geometric symmetry. Or, in other words, these states could be expected to break
only the internal gauge symmetries, but not the geometric symmetries of the spacetime.
In particular, if the spacetime admits the FRW or Kantowski–Sachs symmetries, then one
could expect that the instantaneous vacuum states have the same geometric symmetries,
too. In this case, the (spatially constant) mean curvature in the gravitational part of the
vacuum state, which plays the role of the extrinsic York time parameter and labels the
hypersurfaces, is identical with the mean curvature of the actual hypersurface on which
e.g. the rest mass of the matter fields is calculated.
4.2.2 The existence of the instantaneous vacuum states: A condition on the
mean curvature
For the usual self-interaction coefficient of the Higgs field, Gijk′l′ = λGk′(iGj)l′ , the norm
of the ‘vacuum value’ of the Higgs field (see equation (3.26)) is
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|Φv|2 = 6
κ
(
1−
√
1 +
κ
3λ
(
µ2 +
1
3
Λ− 1
9
χ2
))
= −µ
2
λ
+
κ
12
µ4
λ2
− 1
λ
(Λ
3
− 1
9
χ2
)
+ ..., (4.7)
just the solution Φ2− given by (3.36). (The solution with the + sign in front of the square
root is a local maximum rather than a minimum of the energy density in the domain
|Φ|2 ≥ 6/κ, see subsection 3.4.2.) Thus the structure of |Φv|2 (and the interpretation
of the various corrections in |Φv|2 to the flat-spacetime Standard Model expression) is
very similar to that of (2.23). The only (but essential) difference between these two is
the extrinsic curvature term in (4.7), which makes the instantaneous vacuum states time
dependent.
However, for given parameters λ, µ2 and Λ the inequality (3.37) is a nontrivial con-
dition on χ2, i.e. on the mean curvature of the hypersurface Σt on which instanta-
neous vacuum states are possible. This is a finite upper bound, and its value is given by
χ2c := 9(3λ/κ+ µ
2 +Λ/3) ≃ 4.8× 1064cm−2. On hypersurfaces with greater mean curva-
ture there are no such vacuum states at all. The corresponding characteristic (Hubble)
time is tc := 3/χc ≃ 4.5 × 10−43sec, which is almost ten times longer than the Planck
time TP ≃ 5.39× 10−44sec.
In particular, in a FRW spacetime the instantaneous vacuum states start to emerge
on the hypersurface for which the Hubble time tH := S/S˙ was tc. The present value
of the Hubble constant in our observed Universe is H0 := (S˙/S)now = 13χnow ≃ 7 ×
10−28cm−1. Hence, the condition (3.37) is satisfied in the present epoch of the evolution
of the Universe. On the other hand, in all the asymptotic power series solutions of the field
equations of the EccH system with a Small Bang singularity, in a vicinity of the singularity
the mean curvature of the t = const hypersurfaces does exceed χc [10]. Also, in all of
these solutions in which |Φ|2 takes 6/κ at regular spacetime points, the mean curvature
either exceeds χc in a vicinity of, or takes the value χc at the |Φ|2 = 6/κ hypersurface.
Therefore, in both cases there is a regime in the spacetime where instantaneous vacuum
states do not exist.
Similarly, since the mean curvature e.g. on the standard foliation of the interior
Schwarzschild solution diverges as ∼ t−3/2, inequality (3.37) is a non-trivial condition
in Kantowski–Sachs spacetimes, too: Near the spacetime singularity, deeply behind the
black hole horizon, instantaneous vacuum states do not exist.
On the other hand, note that by the specific form of the energy density in the FRW
and Kantowski–Sachs cases, given, respectively, by (3.32) and (3.43), the instantaneous
vacuum states, when they exist, are gauge symmetry breaking vacuum states. In the
presence of these geometric symmetries the energy density does not have any gauge
symmetric stable minimum.
4.2.3 The existence of the instantaneous vacuum states: A condition on the
geometric symmetries
Since the instantaneous vacuum states are expected to be physical states, they must
solve the Hamiltonian constraint. Hence, by (3.28), the corresponding curvature scalar
Rv must be negative. Therefore, globally defined instantaneous vacuum states exist only
when the hypersurface Σt admits hyperboloidal 3-geometries and the group of spacetime
symmetries is compatible withRv < 0. In particular, in the presence of FRW symmetries,
k in (3.30) must be −1. Thus, to have global instantaneous vacuum states the Universe
must be open.
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In Kantowski–Sachs spacetimes, by Eαa = 0, B
α
ab = 0, ψ
r
A = 0 and DaΦ
i = 0 the
only constraint in the matter sector, the Gauss constraint, is satisfied. Remarkably
enough, although a priori we allowed the matter field variables to have special direction
dependence, i.e. to be aligned with the distinguished vector field va, in the spacetime-
symmetric minimal energy states the matter field configurations turn out to be isotropic.
This result is compatible with the general structure of the critical configurations of the
general energy-momentum functional obtained in 3.3.2. Since Da(χab − χδab ) = 0 holds
by the results of the first paragraph of subsection 3.5.1 and the momentum density
built from the Kantowski–Sachs invariant fields of the EccSM model is vanishing, the
momentum constraint of General Relativity is identically satisfied. On the other hand,
the Hamiltonian constraint, written in the form
R− (χab − 1
3
χhab)(χ
ab − 1
3
χhab) = 2Λ + 2κε− 2
3
χ2,
is a non-trivial condition on the difference of the spatial curvature scalar and the square
of the trace-free part of the extrinsic curvature. Although the matter field variables in the
instantaneous vacuum states must be isotropic on Σt, apparently the extrinsic curvature
need not. Nevertheless, the general analysis of the critical configurations of the energy-
momentum functional in subsection 3.3.2 shows that the extrinsic curvature must be a
constant pure trace (see equation (3.27)). Otherwise the field configuration would not be
critical with respect to general variations, though they are with respect to variations in
the Kantowski–Sachs class.
With this additional restriction coming from the results of the general analysis in
subsection 3.3.2, in the instantaneous vacuum states, the mean curvature χ determines
the spatial curvature scalar on Σt completely via equation (4.7) and the Hamiltonian
constraint:
1
2
Rv = Λ− 1
4
κλ|Φv|4 − 1
3
χ2 =
1
1− 1
12
κ|Φv|2
(
Λ +
1
4
κµ2|Φv|2 − 1
3
χ2
)
. (4.8)
Here, in the second equality, we used (3.25). However, by (4.7), the first two terms to-
gether in the brackets on the right is negative for any χ2 ≤ χ2c , and hence the curvature
scalar Rv must be negative, while, according to the first paragraph of subsection 3.5.1, the
curvature scalar on any Kantowski–Sachs symmetric 3-space is strictly positive. There-
fore, global instantaneous vacuum states whose matter and gravitational sectors would
be Kantowski–Sachs invariant do not exist.
On the other hand, if the vacuum states are not required to admit the same symmetries
that the spacetime has, i.e. if they are allowed to be SO(1, 3)-symmetric even in the
k = 1, 0 FRW or Kantowski–Sachs spacetimes, too, then the instantaneous vacuum states
can be defined at least on open subsets of the t = const hypersurfaces, i.e. they can exist
quasi-locally. In particular, in the k = 0 FRW spacetime the instantaneous vacuum states
can exist globally, but in the k = 1 case only on proper subsets of Σt ≈ S3.
Similarly, in the Kantowski–Sachs case, if we require the 3-metric in the gravita-
tional sector of the vacuum state to be O(1, 3)-invariant (rather than to belong to the
Kantowski–Sachs class with isometry group R×O(3)), just like the matter fields and the
extrinsic curvature, then that should be the hyperboloidal metric dh2v = − K
2
K2+ρ2
dρ2 −
ρ2dΩ2 on some domain r > ln ρ0 of the 3-manifold Σt ≈ R × S2 with ρ0 > 0, where
the radial coordinate is ρ := exp(r) − ρ0, K2 := −6/Rv, and the 2-sphere r = ln ρ0
corresponds to the (missing) origin of the hyperboloidal space. Clearly, this quasi-locally
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defined instantaneous vacuum state on the given open subset of Σt exists if the mean cur-
vature χ satisfies the strict inequality in (3.37), in which case it is determined completely
by the mean curvature.
4.3 The genesis/evanescence and time dependence of the rest
masses
Following the general ideas in [5], now we calculate the rest mass of the fields of the
EccSM system via the BEH mechanism in nearly FRW and Kantowski–Sachs spacetime:
We assume that the spacetime satisfies those conditions that ensure the existence of
instantaneous vacuum states. In particular, it should admit a foliation by constant mean
curvature hypersurfaces Σt, whose mean curvature χ can be used as an external time
variable (the so-called York time).
However, as we saw in subsection 4.2 (and showed explicitly in the FRW case), the
existence of local minima of the spatially constant energy density, and hence the existence
of the instantaneous vacuum states, is guaranteed only on the spacelike hypersurfaces
with mean curvature smaller than χc. Moreover, if the instantaneous vacuum states
exist, then they are necessarily gauge symmetry breaking states. The existence of the
bound χc yields a non-trivial ‘genesis’/‘evanescence’ of the rest masses of certain fields of
the standard model, depending on whether χ is decreasing or increasing when χ takes the
critical value χc. Also, the electromagnetic interaction (together with the electric charge)
emerges from the U(2) gauge theory in the Weinberg–Salam model as an ‘effective’ gauge
theory only in the presence of the (global or quasi-local) instantaneous gauge symmetry
breaking vacuum states (see [5]). Thus, the hypersurface whose mean curvature is just
the bound χc is the ‘moment of genesis/evanescence’ of the (globally or quasi-locally
defined) electric charge, too.
Thus let us suppose that χ2 < χ2c , and let us fix a particular (gauge symmetry
breaking) vacuum state Φiv. Then, in the unitary gauge (see [5, 22], or subsection 2.6.1),
the independent Lagrangian field variables of the matter sector are φα, Aαa , ψ
r
A, H
i := Φi−
Φiv and the corresponding velocities; and the vacuum states correspond to the vanishing of
these variables. The mass of the various fields can be read off from the second derivative
of the Lagrangian with respect to φα, Aαa , H
i and ψrA at the vacuum state, provided its
first derivatives are vanishing. Denoting the 3+1 form of the matter Lagrangian density
by Lˆ (which is just L in which LH is replaced by LˆH), these first derivatives with respect
to the gauge potentials at the vacuum states are
( ∂Lˆ
∂φα
)
v
=
(∂LˆH
∂φα
)
v
= −1
6
χ
(
Gik′T¯
k′
αj′ +Gj′kT
k
αi
)
ΦivΦ¯
j′
v = 0,
( ∂Lˆ
∂Aαa
)
v
=
(∂LˆH
∂Aαa
)
v
=
1
2
Gij′
((
DaΦ¯j
′
v
)
T iαkΦ
k
v +
(
DaΦiv
)
T¯ j
′
αl′Φ¯
l′
v
)
= 0.
Here, in the first of these, we used (4.6) and the gauge invariance of the fiber metric Gij′;
and, in the second, we used DaΦiv = 0 and A
α
e = 0. These two can be summarized as
(∂Lˆ/∂ωαa )v = ((∂Lˆ/∂φα)ta+(∂Lˆ/∂Aαb )P ab ) = 0, and hence the mass matrix for the gauge
fields,
M2αβ :=
1
4
(
gab
∂2Lˆ
∂ωαa ∂ω
β
b
)
v
=
1
2
((
T iαkΦ
k
v
)
Gij′
(
T¯ j
′
βl′Φ¯
l′
v
)
+
(
T iβkΦ
k
v
)
Gij′
(
T¯ j
′
αl′Φ¯
l′
v
))
, (4.9)
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is a well defined real, symmetric and positive semi-definite matrix. The first derivative of
Lˆ with respect to the spinor field ψrA at the vacuum state is also zero (by ψrA = 0), and
the corresponding mass matrix is
Mrs := −1
2
(
ǫAB
∂2Lˆ
∂ψrA ∂ψ
s
B
)
v
= iYrsi′Φ¯
i′
v , (4.10)
just the component of the Yukawa coupling determined by the Higgs field in the vacuum
state, Φiv. (Here ǫAB is the anti-symmetric Levi-Civita symbol.) The first derivative of
Lˆ with respect to H i is
( ∂Lˆ
∂H i
)
v
=
(∂(LˆH − V )
∂H i
)
v
= − 1
18
χ2Gij′Φ¯
j′
v −
1
2
(1
6
(Rv + χabχab − χ2)+ µ2
)
Gij′Φ¯
j′
v
− 1
2
Gijk′l′Φ
j
vΦ¯
k′
v Φ¯
l′
v =
=−1
2
(1
3
κεv + µ
2 +
1
3
Λ− 1
9
χ2
)
Gij′Φ¯
j′
v −
1
2
Gijk′l′Φ
j
vΦ¯
k′
v Φ¯
l′
v = 0.
Here Rv and εv denote the spatial curvature scalar and energy density in the vacuum
state Φiv, respectively; and first we used φ
α = 0, Aαe = 0, DaΦ
i
v = 0 and (4.6), and then
the Hamiltonian constraint, (3.27) and (3.23). Therefore, in contrast to the spacetime
vacuum states of subsection 2.6.1, the instantaneous gauge symmetry breaking vacuum
states are critical points of the Lagrangian. Hence, its second derivatives at these states,
M2ij′ := −
( ∂2Lˆ
∂H i∂H¯ j′
)
v
=
(1
6
κεv +
1
6
Λ +
1
2
µ2 − 1
9
χ2
)
Gij′ +Gikj′l′Φ
k
v Φ¯
l′
v , (4.11)
M2ij := −
( ∂2Lˆ
∂H i∂H j
)
v
=
1
2
Gijk′l′Φ¯
k′
v Φ¯
l′
v , (4.12)
are well defined. Note that, even if the instantaneous vacuum state were only a quasi-local
one (in the k = 1, 0 FRW and Kantowski–Sachs cases), these mass matrices would still be
well defined and independent of the parameter ρ0 fixing the domain of the hyperboloidal
line element dh2v (see the end of subsection 4.2.3). Because of the extrinsic curvature term
in (3.36), the instantaneous gauge symmetry breaking vacuum states are in general time
dependent, and hence the mass matrices are also time dependent.
In the Einstein–conformally coupled Weinberg–Salam model, Φiv is chosen to have the
form (0, |Φv|) (as a column vector), and H i = (0, H) for some real function H . Then by
(2.12) and (4.10) the rest mass of the electron is me = 1√2Ge|Φv|, and the neutrino is
massless. Evaluating the mass matrix for the gauge fields in (4.9) and recalling that in
particle physics the gauge fields are defined to be the connection 1-forms divided by the
corresponding coupling constants (see the footnote to subsection 2.1), we find that the
fields Ze := 1√
g2+g′2
(ω0e − ω3e) and W±e := 1g√2(ω1e ∓ iω2e) get the masses 12
√
g2 + g′2|Φv|
and 1
2
g|Φv|, respectively, but ̟e := 1
gg′
√
g2+g′2
(g2ω0e + g
′2ω3e), identified with the photon
field, is massless. Thus, the mass of the gauge bosons and the electron is given by the
corresponding expression in the Weinberg–Salam model except that the vacuum value v =√−µ2/λ is replaced by |Φv|, whose expansion is v(1+Λ/3µ2−χ2/9µ2−κµ2/12λ+ ...)1/2.
The mass of the real Higgs field H is
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m2H : =−
( ∂2Lˆ
∂H2
)
v
= |Φv|−2
(
M2ijΦ
i
vΦ
j
v + 2M
2
ij′Φ
i
vΦ¯
j′
v + M¯
2
i′j′Φ¯
i′
v Φ¯
j′
v
)
=
=λ|Φv|2 + 2|Φv|−2M2ij′ΦivΦ¯j
′
v = 2λ|Φv|2 −
1
9
χ2, (4.13)
where, to evaluate (4.11), we used (3.25). Because of the extra mean curvature term χ2/9
on the right, the time dependence of the Higgs and the other fields is slightly different:
e.g. m2e/m
2
H depends on χ.
If in a FRW spacetime χ2 = χ2c (at 4.5 × 10−43sec Hubble time), then the vacuum
value of the Higgs field is |Φv|2 = 6/κ. Hence, at the instant of genesis, the mass e.g. of
the electrons was ≃ 6 × 1026cm−1. By (4.7) this decreased to its half by 5.9 × 10−43sec
Hubble time. The electron mass decreased to twice its present value (i.e. to 2 × (2.6 ×
1010cm−1)) by 4.5×10−27sec Hubble time. The Higgs mass at the moment of genesis was
1.3× 1032cm−1. This decreased to its half by 5.8× 10−43sec Hubble time, and decreased
to twice of its present value, 2 × (6.2 × 1015cm−1), by 5.5 × 10−26sec Hubble time. The
characteristic time scale of the weak interactions, i.e. that the Higgs mass parameter
defines, is 1/c|µ| ≃ 5.4 × 10−27sec. Thus, even at this time scale the mass of both the
Higgs and the other particles were approximately twice bigger than their present value.
The rest mass of matter fields falling into a spherical black hole behaves in the opposite
way: The (quasi-locally defined) rest mass of the electron, the W± and Z gauge bosons
and the Higgs field is increasing until the instant corresponding to the critical value
χc of the mean curvature, and then the masses evanesce just before hitting the central
singularity.
Finally, rewriting the Lagrangian LW in terms of the fields W±e , Ze and ̟e (as e.g. in
[5]), for the charge of the electron we obtain exactly that in the Weinberg–Salam model.
It does not depend on the York time.
5 Summary and final remarks
We investigated certain kinematical consequences of the conformally invariant coupling
of the Higgs field of the Standard Model to Einstein’s theory of gravity. First, we showed
that spacetime vacuum states, i.e. which would have maximal spacetime symmetry, solve
the field equations and minimize the energy density, do not exist. Then, we showed
that in the k = 1, 0 FRW and the Kantowski–Sachs spacetimes (hence, in particular,
in spherical black holes) global instantaneous vacuum states, i.e. field configurations on
the transitivity hypersurfaces of the spacetime symmetries which would be invariant with
respect to the spacetime symmetries, solve the constraint parts of the field equations and
minimize the energy functional, do not exist. Also, general quasi-local (i.e. not necessarily
global) instantaneous vacuum states do not exist on hypersurfaces whose mean curvature
is greater than a large, but finite critical value. If the mean curvature is less than this
critical value, then instantaneous vacuum states exist, which, as we saw in the FRW and
Kantowski–Sachs cases, are necessarily gauge symmetry breaking states.
Using this concept of the global or quasi-local instantaneous (gauge symmetry break-
ing) vacuum states, we determined how the rest mass of the fields of the Standard Model
depends on the extrinsic York time parameter of the hypersurfaces. We found that there
are extreme gravitational situations in which the notion of rest mass, zero or non-zero,
of the Higgs field cannot be introduced at all, and the BEH mechanism does not work.
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In these situations the fields do not have particle interpretation. If they have, then the
non-zero rest masses, introduced via the BEH mechanism, are time dependent in a non-
stationary spacetime. Also, in the absence of the vacuum states above, electromagnetism
and electric charge do not emerge from the Standard Model.
The time dependence (and the different time dependence) of the Higgs and the other
particles is significant only when the mean curvature is close to its critical value. Thus,
it may have a potential significance in the particle physics processes in the very early
Universe, or near the central singularity in black holes. Hence it could be interesting to see
whether or not this time dependence, and in particular the fact that at the characteristic
time scale of the weak interactions the rest masses were twice their present value, could
yield observable effect in the particle genesis era of the very early Universe.
If the mean curvature of the hypersurfaces happened to be increasing and exceeded the
critical value, then the massive fields of the Standard Model would lose their rest mass.
In our (asymptotically exponentially expanding) Universe the mean curvature asymptot-
ically tends to the finite, constant value
√
Λ/3. Hence the ‘reverse–BEH’ mechanism at
the cosmological scale cannot provide the way in which the fields lose their rest mass
(as it would be desirable in the CCC model). The ‘reverse-BEH’ mechanism takes place
inside black holes, deeply behind the event horizon near the central singularity.
6 Appendix: The total variation of the Lagrangian for
Weyl spinor fields
Let {Eaa , ϑaa }, a = 0, ..., 3, be a gab-orthonormal dual frame field and {εAA , εAA }, A = 0, 1,
the corresponding normalized dual spinor basis, i.e. for which EaAA ′ := E
a
aσ
a
AA ′
= εAA ε¯
A′
A ′
holds, where σa
AA ′
are the SL(2,C) Pauli matrices (including the factor 1/
√
2). If ΓAeB :=
εAA∇eεAB , the spacetime connection 1-form in the spinor basis above, then the Lagrangian
for a multiplet of Weyl spinor fields, ψrA, is
LW = i
2
Grr′g
ab
(
ψ¯r
′
A′∇/bψrA − ψrA∇/bψ¯r
′
A′
)
=
=
i
2
Grr′ǫ
AB ǫA
′B ′EbB B ′
(
ψ¯r
′
A ′
(
∂bψ
r
A − ψrDΓDbA + ωαb T rαsψsA
)−
−ψrA
(
∂bψ¯
r′
A ′ − ψ¯r
′
D ′Γ¯
D ′
bA ′
+ ωαb T¯
r′
αs′ψ¯
s′
A ′
))
, (6.1)
where ǫAB is the anti-symmetric Levi-Civita symbol and ∂b denotes the gradient acting
on functions. If Eaa (u), ψ
r
A (u) are arbitrary smooth 1-parameter families of tetrads and
spinor components, respectively, such that Eaa (0) = E
a
a and ψ
r
A (0) = ψ
r
A , and δ denotes
the derivative with respect to u at u = 0, then by (6.1)
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δLW = i
2
Grr′ǫ
AB ǫA
′B ′δEbB B ′
(
ε¯A
′
A ′ψ¯
r′
A′ε
A
A∇/bψrA − εAAψrAε¯A
′
A ′∇/bψ¯r
′
A′
)
+
+
i
2
Grr′ǫ
AB ǫA
′B ′EbB B ′
(
δψ¯r
′
A ′ε
A
A∇/bψrA − δψrA εA
′
A ′∇/bψ¯r
′
A′
)
+
+
i
2
Grr′ǫ
AB ǫA
′B ′EbB B ′
(
ε¯A
′
A ′ψ¯
r′
A′ε
A
A∇/b
(
εDA δψ
r
D
)− εAAψrA ε¯A′A ′∇/b(ε¯D ′A′ δψ¯r′D ′)
)
−
− i
2
ǫAB ǫA
′B ′EbB B ′
(
δD
′
A ′
δΓDbA − δDA δΓ¯D
′
bA ′
)
Grr′ψ
r
D ψ¯
r′
D ′ =
=
i
2
Grr′g
ab∇/b
(
ψ¯r
′
A′ε
A
A δψ
r
A − ψrAε¯A
′
A′ δψ¯
r′
A ′
)
−
−iGrr′
(
εA
′B′ ε¯B
′
B ′δψ¯
r′
B ′
(∇/A′AψrA)− εABεBB δψrB (∇/AA′ψ¯r′A′)
)
+
+
i
2
δEbbE
a
a η
b aGrr′
(
ψ¯r
′
A′∇/bψrA − ψrA∇/bψ¯r
′
A′
)
−
− i
2
ǫAB ǫA
′B ′EbB B ′
(
δD
′
A ′
δΓDbA − δDA δΓ¯D
′
bA ′
)
Grr′ψ
r
D ψ¯
r′
D ′. (6.2)
Thus, the second term on the right yields the field equations, while the variation of the
tetrad field in the third term can be written as
δEbbE
a
a η
b a = δE
(b
b E
a)
a η
b a + δE
[b
b E
a]
a η
b a =
1
2
δgab + εBAλ¯A
′B′ + εB
′A′λAB, (6.3)
where λAB = λ(AB) is defined to be the anti-self-dual part of the anti-symmetric part
δE
[b
b E
a]
a ηb a of the variation of the tetrad field. To evaluate the last term in (6.2), we need
the explicit form of the variation of the spinor connection 1-form. Since
Γ
A
eB =
1
2
σAA
′
a σ
b
B A ′
ϑaa∇eEab =:
1
2
σAA
′
a σ
b
B A ′
γ
a
eb ,
we should compute the variation of the connection 1-form γaeb in the linear frame bundle.
It is
δγ
a
eb = δϑ
a
a∇eEab + ϑaa
1
2
gac
(−∇cδgeb +∇eδgcb +∇bδgec)Ebb + ϑaa∇e(δEab ) =
=ϑaa∇e
(
δE[amE
b]
n η
mn
)
ϑ
c
b ηc b +
1
2
ϑaa
(
gac
(∇cδgfd)gfegdb − (∇bδgaf)gfe
)
Ebb .
Substituting this into the last term of (6.2) and using (6.3), by forming total divergences
we obtain that
δLW = i
2
∇a
(
Grr′ψ¯
r′
A′ε
A
A
(
δψrA + λA
BψrB
)−Grr′ψrAε¯A ′A′ (δψ¯r′A ′ + λ¯A ′B ′ψ¯r′B ′)
)
−
−iGrr′
((
δψrA + λA
BψrB
)
ε
A
A
(∇/AA′ψ¯r′A′)− (δψ¯r′A ′ + λ¯A ′B ′ψ¯r′B ′)ε¯A ′A′ (∇/A′AψrA)
)
+
+
i
8
Grr′
(
ψ¯r
′
A′∇/BB′ψrA + ψ¯r
′
B′∇/AA′ψrB − ψrA∇/BB′ ψ¯r
′
A′ − ψrB∇/AA′ψ¯r
′
B′
)
δgab, (6.4)
where λAB := εAAλA
Bε
B
B , the components of λA
B in the spinor basis.
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To see the meaning of the combination δψrA + λA
B ψrB , let us consider a 1-parameter
family of spinor dual bases {εAA (u), εAA (u)} in the spinor bundle in which {εAA (0), εAA (0)} =
{εAA , εAA } is a normalized dual spinor dyad. Then the variation of the spinor basis is
δε
A
A =−εAB
(
δεBB
)
ε
B
A = ε
A
B
(
δε
(B
B
)
ε
C)
C ǫ
B C εCA − 1
2
ε
A
A εBC
(
δεBB
)
εCC ǫ
B C =
= εABλ
B
A − 1
2
ωεAA = λ
A
B ε
B
A −
1
2
ωεAA ,
where λAB is just the anti-self-dual part of the variation of the corresponding tetrad field
in (6.3), while ω is defined to be εBC
(
δεBB
)
εCC ǫ
B C . Thus λA B represents the infinitesimal
SL(2,C) transformation of the spinor dyad, while ω an (in general complex) infinites-
imal conformal rescaling of the symplectic spinor metric. In fact, the variation of the
corresponding spinor and spacetime metrics, respectively, are δεAB = ωεAB, and hence
δgab = (ω + ω¯)gab. Nevertheless, as Penrose showed [29], complex conformal rescalings
of the symplectic spinor metric yields torsion. Since we keep the variation of the spin
frame within the framework of Einstein’s general relativity, ω must be real. Therefore,
ω = 1
2
εABδε
AB = 1
8
gabδg
ab represents an infinitesimal genuine (real conformal) change of
the metric, while λAB is only a pure gauge transformation. Thus, finally, suppose that
ω = 0 and consider the transformation of the components ψrA of the spinor field ψ
r
A under
such a variation of the spinor basis. It is δψrA = −λA BψrB . Hence, the combination
δψrA +λA
B ψrB represents, in fact, the variation of the spinor field components up to pure
SL(2,C) basis transformations, i.e. up to gauge. Hence, the second line of (6.4) con-
tributes to the field equation (2.8), while the third line to the energy-momentum tensor
(2.10) of the spinor fields.
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